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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 33 ]. This is test number [ 168 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi % 100. ( 33) %0.(0)
Mathematica | % 100. ( 33 ) %0.(0)
Maple %93.94 (31) | %6.06 (2)
Maxima %93.94 (31) | %6.06 (2)
Fricas % 100. ( 33) %0.(0)
Sympy %2424 (8) | % 75.76 (25)
Giac %9394 (31) | %6.06 (2)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 100. 0. 0. 0.
Maple 69.7 9.09 15.15 6.06
Maxima 45.45 39.39 9.09 6.06
Fricas 54.55 45.45 0. 0.
Sympy 24.24 0. 0. 75.76
Giac 75.76 3.03 15.15 6.06




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.08 100.48 0.73 91. 1.
Mathematica 3.96 95.94 0.76 109. 0.86
Maple 0.05 121.65 0.79 79. 0.94
Maxima 1.1 324.32 2.43 166. 2.15
Fricas 1.55 692.27 4.64 352. 3.32
Sympy 0. 0. 0. 0. 0.
Giac 0.9 137.71 0.94 107. 1.09

1.4 list of integrals that has no closed form an-
tiderivative

{# 5,14 [1519}[23}[27, 30} [33}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}

Mathematica {}

Maple {}
Maxima {}
Fricas {}
Sympy {}
Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.




1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.



from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi

A grade: {[1}[2) 8}[4} 51[6} [7}[8 O} [L0} [L1} (12} (13, [L4, [L5} [16}[17} [18} 19,20} 21} 22} 23} 24, 25, [26} [27)
[28,[29,[30,31}82}33] }

B grade: { }

C grade: { }

F grade: { }

2.1.2 Mathematica

A grade: {[1}[23[3} (4[5 6} 78 [% (L0} [L1} [L2} 13} 14, [15} [16} 17} [18} 19} [20} [21} [22} |23} 24, [25, [26} 27}
[28[29[30,[31,[32,[33] }

B grade: { }

C grade: { }

F grade: { }

2.1.3 Maple

A grade: {126 516 78 6108567 15 19, £, 21, 23, 5, ER 27 B0 BB )
B grade: {[28/[29,31]}

C grade: {[11}[12}[13}[25}[26] }

F grade: {}

2.1.4 Maxima

A grade: {03 5,75 4 2L 2 23 23 27 50,9
B grade: ([} BBBRB T3 E8 9,162

C grade: {}

F grade: {}

11
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21.5 FriCAS

A grade: { B))B) 03T 2 3} 4 5 8 193 22,23 25) 260 27803 )

B grade: {[T}[2}[5}[6}[7} [L0}[16}[17} [20} [21} [24} [28] [29} 31} [32] }
C grade: { }

F grade: { }

2.1.6 Sympy

A grade: {78155, 323 60)
B grade: { }

C grade: { }

F grade: {[I}[2}[3} 51(6} [7,[8 L0} L1} 12} L3} L6} 17} [18} 20} 21} |22} [24} 25} 26 28} 20} 31} 32, 33} }

2.1.7 Giac

A grade: {12,567 6 057 8, ) 20 £ 22, 25, 2 2, B B B3 )
B grade: {[29]}

¢ grade: (BB

F grade: { [5}[10]}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 149 252 1019 1076 0 220
normalized size | 1 1. 0.66 1.12 4.53 4.78 0. 0.98
time (sec) N/A 0.136 0.286 0.051 1.607  1.866 0. 1.333
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 111 111 130 124 825 892 0 163
normalized size | 1 1. 1.17 1.12 7.43 8.04 0. 1.47
time (sec) N/A 0.048 0.143 0.034  1.589 1.85 0. 1.234
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 105 83 626 302 0 107
normalized size | 1 1. 1.15 0.91 6.88 3.32 0. 1.18
time (sec) N/A 0.034 0.063 0.03 1.511 1.771 0. 1.353
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 17 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 0.534 0.028 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 132 0 0 872 0 0
normalized size | 1 1. 1.23 0. 0. 8.15 0. 0.
time (sec) N/A 0.086 7.678 0.116 0. 1.903 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 227 227 152 244 1126 1065 0 225
normalized size | 1 1. 0.67 1.07 4.96 4.69 0. 0.99
time (sec) N/A 0.142 0.29 0.044 1613 2129 0. 1.229
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 134 120 910 882 0 166
normalized size | 1 1. 1.2 1.07 8.12 7.88 0. 1.48
time (sec) N/A 0.053 0.146 0.035 1526  2.166 0. 1.274
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 109 79 690 297 0 109
normalized size | 1 1. 1.2 0.87 7.58 3.26 0. 1.2
time (sec) N/A 0.034 0.066 0.032  1.443  2.089 0. 1.254
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.011 1.176 0.029 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 136 0 0 861 0 0
normalized size | 1 1. 1.26 0. 0. 7.97 0. 0.
time (sec) N/A 0.089 9.151 0.111 0. 2.099 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 72 75 247 180 0 72
normalized size | 1 1. 1.09 1.14 3.74 2.73 0. 1.09
time (sec) N/A 0.057 0.159 0.033 1.437  2.495 0. 1.218
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 52 52 76 49 166 155 0 58
normalized size | 1 1. 1.46 0.94 3.19 2.98 0. 1.12
time (sec) N/A 0.025 0.074 0.028 1485  2.515 0. 1.257
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 22 25 127 61 0 28
normalized size | 1 1. 0.56 0.64 3.26 1.56 0. 0.72
time (sec) N/A 0.016 0.023 0.027  1.393  2.482 0. 1.233
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 7.306 0.026 0. 0. 0 0
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 68 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.04 9.458 0.036 0. 0. 0 0
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 268 176 281 397 1904 0 246
normalized size | 1 1. 0.66 1.05 1.48 7.1 0. 0.92
time (sec) N/A 0.235 0.744 0.065 1.319 2.18 0. 1.277
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 155 141 270 1650 0 192
normalized size | 1 1. 1.14 1.04 1.99 12.13 0. 1.41
time (sec) N/A 0.093 0.393 0.049 1.268 2103 0. 1.271
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 140 94 130 358 0 127
normalized size | 1 1. 1.27 0.85 1.18 3.25 0. 1.15
time (sec) N/A 0.066 0.143 0.043 1.568 212 0. 1.346
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.033 32.532 0.056 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 268 181 273 435 1887 0 251
normalized size | 1 1. 0.68 1.02 1.62 7.04 0. 0.94
time (sec) N/A 0.235 0.723 0.063 1.394 2181 0. 1.315
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 161 137 292 1634 0 194
normalized size | 1 1. 1.18 1.01 2.15 12.01 0. 1.43
time (sec) N/A 0.093 0.388 0.051 1.294 2155 0. 1.286
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 144 90 130 352 0 130
normalized size | 1 1. 1.31 0.82 1.18 3.2 0. 1.18
time (sec) N/A 0.066 0.137 0.043 1.56 2111 0. 1.328
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.033 34.525 0.055 0. 0. 0. 0.
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 99 77 153 859 0 82
normalized size | 1 1. 1.46 1.13 2.25 12.63 0. 1.21
time (sec) N/A 0.099 0.202 0.045 1.897 2133 0. 1.215
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 88 75 163 263 0 95
normalized size | 1 1. 1.17 1. 217 3.51 0. 1.27
time (sec) N/A 0.054 0.205 0.046  1.802  2.277 0. 1.239
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 48 49 61 132 0 57
normalized size | 1 1. 0.86 0.88 1.09 2.36 0. 1.02
time (sec) N/A 0.034 0.072 0.039  1.529 2157 0. 1.243
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 30 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.032 10.7 0.054 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 261 261 194 493 724 1508 0 522
normalized size | 1 1. 0.74 1.89 2.77 5.78 0. 2.
time (sec) N/A 0.172 0.528 0.056  1.508  2.235 0. 1.274
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 146 211 343 1033 0 282
normalized size | 1 1. 1.14 1.65 2.68 8.07 0. 2.2
time (sec) N/A 0.06 0.232 0.036  1.372  2.248 0. 1.234
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.015 2.462 0.079 0. 0. 0. 0.
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 311 311 240 558 814 2700 0 608
normalized size | 1 1. 0.77 1.79 2.62 8.68 0. 1.95
time (sec) N/A 0.386 1.337 0.08 2108  2.106 0. 1.307
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 177 241 406 1922 0 335
normalized size | 1 1. 1.11 1.51 2.54 12.01 0. 2.09
time (sec) N/A 0.146 0.639 0.057 1.931 1.921 0. 1.333
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 43 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.047 8.142 0.116 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [11] had the largest ratio of [ 0.5385

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\./ative leaf size ntegrand leaf size
used rules leaf size

1 A 12 7 1. 15 0.467

2 A 6 5 1. 13 0.385

3 A 5 4 1. 11 0.364

4 A 0 0 0. 0 0.

5 A 7 5 1. 33 0.152

6 A 12 7 1. 16 0.438

7 A 6 5 1. 14 0.357

8 A 5 4 1. 12 0.333

9 A 0 0 0. 0 0.

10 A 7 5 1. 35 0.143

11 A 12 7 1. 13 0.538

12 A 6 5 1. 11 0.454

13 A 5 4 1. 9 0.444
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

14 A 0 0 0. 0 0.
15 A 0 0 0. 0 0.
16 A 14 8 1. 17 0.471
17 A 8 6 1. 15 0.4
18 A 7 5 1. 13 0.385
19 A 0 0 0. 0 0.
20 A 14 8 1. 18 0.444
21 A 8 6 1. 16 0.375
22 A 7 5 1. 14 0.357
23 A 0 0 0. 0 0.
24 A 14 8 1. 15 0.533
25 A 8 6 1. 13 0.462
26 A 7 5 1. 11 0.454
27, A 0 0 0. 0 0.
28 A 12 7 1. 19 0.368
29 A 6 5 1. 17 0.294
30 A 0 0 0. 0 0.
31 A 14 8 1. 21 0.381
32 A 8 6 1. 19 0.316
33 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

3.1 fxz cosh (a + bx + cxz) dx

Optimal. Leaf size=225

b2 2 2 b2
\rb?es "Erf (b;z/;x) \/mex"Erf (b;%) \rb?e" xErfi (b;—f/;x) \me" % Erfi (b;z/?) bsinh (u + by + o’
16¢5/2 " 8¢3/2 " 16¢5/2 - 8c3/2 - 4¢?

[Out] (b"2+E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf[(b + 2*c*x)/(2xSqrt[c]l)])/(16*xc~(5/2))
+ (E"(-a + b~2/(4*c))*Sqrt [Pil*Erf [(b + 2*c*x)/(2*%Sqrt[cl)])/(8%c~(3/2)) +
(b~2*%E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2*c*x)/(2%Sqrt[c]l)])/(16%xc~(5/2)

) - (E7(a - b™2/(4%c))*Sqrt [Pi]*Erfi[(b + 2%c*x)/(2xSqrt[c])])/(8*c~(3/2))

- (b*Sinh[a + b*x + c*x72])/(4*c”2) + (x*Sinh[a + b*x + c*xx~2])/(2xc)

Rubi [A] time = 0.136066, antiderivative size = 225, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 7, integrand size = 15, number of rules

= 0.467, Rules used = {56387, 5374, 2234, 2204, 2205, 5383, 5375}

integrand size

w2 w2 w2 ¥
b2k Erf (b;z[) N (b;z[) Vb % Erfi (b;ff) Ve T Erfi (bf{) bsinh (a + bx + cx
16572 8c32 16¢5/2 - 8c32 B 4¢2

Antiderivative was successfully verified.

[In] Int[x"2*Coshl[a + b*x + c*x~2],x]

[Out] (b"2+E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2*c*x)/(2xSqrt[c])])/(16*xc~(5/2))
+ (E"(-a + b~2/(4xc))*Sqrt [Pi]*Erf [(b + 2%c*x)/(2xSqrt[c])])/(8%c~(3/2)) +
(b~2*%E~(a - b72/(4*c))*Sqrt [Pi]*Erfi[(b + 2*cx*x)/(2*Sqrt[cl)])/(16%c~(5/2)

) - (E"(a - b72/(4%c))*Sqrt [Pi]*Erfi[(b + 2*cxx)/(2+Sqrtlc])])/(8xc~(3/2))

- (b*Sinh[a + b*x + c*x72])/(4*c”2) + (x*Sinh[a + bxx + c*x~2])/(2%c)

Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*x)~(m - 1)*Sinh[a + b*x + c*x72])/(2xc), x] + (-Dis
t[(e™2%x(m - 1))/(2*xc), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*xx~2], x], x]
- Dist[(b*e - 2%c*d)/(2*c), Int[(d + exx) " (m - 1)*Cosh[a + b*x + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[bxe - 2%cxd, O]

Rule 5374
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Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, xI]

Rule 2234

Int[(F_)~((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)"2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t [Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt [-(b*Log[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*xx + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
xc*xd, 0]

Rule 5375
Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(

a + bxx + c*xx”2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

x sinh (a +bx + cxz) fsinh (a +bx + sz) dx b fxcosh (a +bx + cxz) dx

f x% cosh (a +bx + cxz) dx

2c 2c 2c
bsinh (a + bx + cxz) x sinh (a + bx + cxz) b? fcosh (a + bx + cxz) dx fe‘”‘h‘
=- + + +
4c2 2c 4c2 4
bsinh (a + bx + cxz) xsinh (a +bx + cxz) b? f eabee? gy 2 f ertbxred? gy
= — + + + —
4c2 2c 8c2? 8c?
—a+ﬁ b+2cx a—ﬁ b+2cx
e "k y/merf ) ¢ " Vrerfi e | Dbsinh (a +bx + cxz) xsinh (a +bx + ¢
= - - +
8c3/2 8c3/2 4c2 2c
2 _u+f b+2cx —a+g b+2cx 2 a—ﬁ b+2cx a—f
be i [rerf ) ¢ F \merf o b2e" i \[merfi ) ¢ °F \/merfi (
- 16c5/2 M 8c3/2 - 16¢5/2 B 8c3/2

Mathematica [A] time = 0.286143, size = 149, normalized size = 0.66

\/E(bz + ZC) Erf(b;z/;x) (cosh (a - Z—i) —sinh (a - Z—i)) + ﬁ(bz - ZC) Erfi (b;z/gx) (sinh (a - Z—i) + cosh (a - Z—i)) +4

16¢5/2

Antiderivative was successfully verified.
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[In] Integratel[x~2*Cosh[a + b*x + c*x72],x]

[Out] ((b72 + 2xc)*Sqrt[Pi]*Erf[(b + 2%c*xx)/(2*Sqrt[c])]*(Coshla - b72/(4*c)] - S
inh[a - b~2/(4*c)]) + (b2 - 2*c)*Sqrt [Pil*Erfi[(b + 2*c*x)/(2+Sqrt[c])]1*(C

oshla - b™2/(4*c)] + Sinh[a - b~2/(4%c)]) + 4*Sqrtlcl*(-b + 2%c*x)*Sinh[a +

xx(b + cxx)])/(16%c~(5/2))

Maple [A] time = 0.051, size = 252, normalized size = 1.1

xe—cxz—hx—a be—cxz—bx—a bZ ﬁ _4ac—b2 b1 5 \/E _4ac—b2 b1 3 xecx2+bx+a
- + + 4 Erf +-—|c2+—¢ 4 Erf +-——|c2+
4c 82 16 © ' (\fcx z\ﬁ)c 8§ ° ' (‘/Ex 2\/2)0 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(c*x~2+b*x+a),x)

[Out] -1/4/c*xx*exp(-c*x”~2-b*x-a)+1/8*b/c”2xexp (-c*x~2-b*x-a)+1/16*b~2/c~(5/2)*Pi~
(1/2) *exp (-1/4% (4xaxc-b~2) /c)*xerf (¢~ (1/2)*x+1/2*%b/c~(1/2))+1/8/c~(3/2) *Pi~(

1/2) *exp (-1/4% (dxaxc-b"2) /c)*xerf (c™(1/2) *x+1/2%b/c”(1/2))+1/4/c*x*exp (cxx~2
+b*x+a)-1/8%b/c"2xexp (c*x™2+b*x+a)-1/16%b~2/c"2*xPi~ (1/2) *exp (1/4* (4*a*xc-b~2
)/c)/(-c)~(1/2)*erf (-(-c)~(1/2) *x+1/2%b/ (-c) " (1/2))+1/8/c*Pi~ (1/2) *exp (1/4*
(4*axc-b72)/c)/(-c)~(1/2) *erf (- (-c)~(1/2) *x+1/2xb/(-c) ~(1/2))

Maxima [B] time = 1.60704, size = 1019, normalized size = 4.53

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/3*x73*cosh(c*x™2 + b*x + a) + 1/96*(sqrt(pi)*(2*cxx + b)*b~3*(erf (1/2*sqr
t(=(2xcxx + b)"2/c)) - 1)/(sqrt(-(2*xc*x + b)~2/c)*c”(7/2)) - 6xb~2xe” (1/4x*(
2xcxx + b)72/c)/c7(5/2) - 12%(2%c*x + b) "3*bkgamma(3/2, -1/4*%(2*xc*x + b)~2/
c)/((-(2%c*xx + b)72/c)~(3/2)*%c”(7/2)) + 8*gamma(2, -1/4*(2%c*x + b)~2/c)/c”
(3/2))*b*e”~(a - 1/4%b~2/c)/sqrt(c) - 1/96*(sqrt(pi)*(2*c*xx + b)*b~4x*(erf(1/
2xsqrt (- (2xc*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(9/2)) - 8*b~3*e”(
1/4%(2xcxx + b)~2/c)/c™(7/2) - 24%(2*cxx + b) " 3*b~2xgamma (3/2, -1/4x(2%c*x
+ b)72/c)/((-(2%c*x + b)72/c)"(3/2)*%c™(9/2)) + 32*b*gamma(2, -1/4*(2*c*x +
b)~2/c)/c”(5/2) - 16%(2xc*x + b) “bkgamma(5/2, -1/4*(2xcxx + b)~2/c)/((-(2*c
*x + b)72/c)”(5/2)*%c”(9/2)))*sqrt(c)*e”(a - 1/4%b~2/c) - 1/96*(sqrt(pi)*(2x*
c*x + b)*b"3x(erf (1/2*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-
c)~(7/2)) + 6xb~2xcxe”(-1/4%(2*c*x + b)~2/c)/(-c)~(7/2) - 12%(2%c*x + b) 3%
bxgamma (3/2, 1/4*%(2%cxx + b)~2/c)/(((2xc*x + b)~2/c)”(3/2)*(-c)~(7/2)) + 8%
c"2xgamma (2, 1/4x(2xc*x + b)~2/c)/(-c)~(7/2))*b*xe”(-a + 1/4xb~2/c)/sqrt(-c)
- 1/96*(sqrt(pi) *(2%c*x + b)*b~4x*(erf (1/2*sqrt((2%c*x + b)~2/c)) - 1)/(sqr
t((2%c*x + b)72/c)*(-c)”(9/2)) + 8xb~3xcxe” (-1/4x(2*c*x + b)~2/c)/(-c)~(9/2
) - 24x(2xc*x + b) "3*b"2xgamma(3/2, 1/4*%(2*c*xx + b)~2/c)/(((2%cxx + b)~2/c)
~(3/2)%(-c)”(9/2)) + 32xb*c”2xgamma (2, 1/4%(2%c*x + b)~2/c)/(-c)~(9/2) - 16
*(2%c*x + b) “bxgamma(5/2, 1/4%(2*c*x + b)~2/c)/(((2xcxx + b)72/c)~(5/2)*(-c
)7(9/2)))*cxe”(-a + 1/4%b~2/c)/sqrt(-c)
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Fricas [B] time = 1.86602, size = 1076, normalized size = 4.78

4c2x -2 (2 c?x - bc) cosh (cx2 +bx + u)z + ﬁ((bz -2 c) cosh (cx2 +bx + u) cosh (—bZ;—iuc) + (b2 -2 c) cosh (cx2 +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4xc™2%x — 2%x(2xc”2*x - bxc)*cosh(c*x™2 + b*x + a)~2 + sqrt(pi)*((b~2
- 2%c)*cosh(c*x™2 + bxx + a)*cosh(-1/4*x(b"2 - 4*xaxc)/c) + (b~2 - 2*c)*cosh
(c*x72 + b*x + a)*sinh(-1/4*(b~2 - 4xaxc)/c) + ((b”2 - 2*c)*cosh(-1/4%(b"2
- 4xaxc)/c) + (b72 - 2xc)*sinh(-1/4*%(b"2 - 4*a*xc)/c))*sinh(c*x™2 + b*x + a)
)*sqrt (-c)*erf (1/2*(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2*c)*cosh(c*x
"2 + b*x + a)*cosh(-1/4*x(b~2 - 4*axc)/c) - (b”™2 + 2*xc)*cosh(c*x™2 + b*x + a
Yxsinh(-1/4%(b"2 - 4x*axc)/c) + ((b™2 + 2+c)*cosh(-1/4*x(b"2 - 4*xaxc)/c) - (b
“2 + 2xc)*sinh(-1/4%(b~2 - 4x*a*c)/c))*sinh(c*x"2 + bxx + a))*sqrt(c)*erf(1/
2% (2%cxx + b)/sqrt(c)) - 4x(2%c™2*x - b*c)*cosh(c*x™2 + bxx + a)*sinh(c*x"2
+ b*x + a) - 2*%(2*c”2xx - b*c)*sinh(c*x™2 + b*x + a)~2 - 2xb*c)/(c”3*cosh(
c*x"2 + b*x + a) + ¢ 3*sinh(c*x™2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz cosh (a + bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(c*x**2+b*x+a) ,x)

[Out] Integral(x**2*cosh(a + bxx + ckx**2), x)

Giac [A] time = 1.33251, size = 220, normalized size = 0.98

P2-dac _ P2—dac
4c

ﬁ(b2+2 c) erf(—% \/5(2 x+§))e( 4e b e —bx—a \/E(bz—z C) erf(—% \/—_c(2 x+§))e( b
7 +2(c(2x+z)—2b)e( ) N —2(c(2x+;)—
16 c2 16 c2

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(pi)*(b~2 + 2xc)*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x(b"2 - 4xa
xc)/c)/sqrt(c) + 2*%(cx(2*x + b/c) - 2*xb)*e”(-c*xx"2 - b*x - a))/c™2 - 1/16x%(
sqrt(pi)* (b2 - 2*xc)*erf (-1/2xsqrt(-c)*(2*x + b/c))*e”(-1/4x(b~2 - 4xax*c)/c
)/sqrt(-c) - 2*(c*(2*x + b/c) - 2*b)*e”(c*x"2 + b*x + a))/c”2
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3.2 fx cosh (a + bx + cxz) dx

Optimal. Leaf size=111

v2 v?
7 b+2cx _ b+2cx
\/Ttbe ”Erf( ;/; ) \[mtbe" % Erﬁ( ;\/; ) sinh (a T+ bx 4+ sz)
- 8c3/2 - 8c3/2 M 2c

[Out] -(b*E~(-a + b~2/(4*c))*Sqrt[Pi]l*Erf [(b + 2*cxx)/(2+Sqrt[c])])/(8xc~(3/2)) -
(b*E”~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2*c*x)/(2*Sqrt[c])]1)/(8*c~(3/2)) +
Sinh[a + b*x + c*xx~2]/(2*c)

Rubi [A] time = 0.0481427, antiderivative size = 111, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 6, number of rules used = 5, integrand size = 13, fomner o e

= 0.385, Rules used = {5383, 5375, 2234, 2204, 2205}

integrand size

b2 2
7 b+2, - b+2
\/mtbe 4 ”Erf( 2‘;;) /ribe" 4cErﬁ(2—‘/sz) sinh (a +bx+cx2)
- 8c3/2 - 8c3/2 * 2c

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + b*x + c*xx"2],x]

[Out] -(b*E~(-a + b2/ (4*c))*Sqrt [Pil+Erf [(b + 2*xc*x)/(2*Sqrt[c])]1)/(8*c~(3/2)) -
(b*E”~(a - b~2/(4*c))*Sqrt[Pi]*Erfi[(b + 2*xc*x)/(2*Sqrt[c])])/(8*c~(3/2)) +
Sinh[a + b*x + cxx72]/(2%*c)

Rule 5383

Int[Cosh[(a_.) + (b_)*(x) + (c_.)*(x)"2]1%((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[Fl), 211)/(2*d*Rt[-(bxLoglFl), 2]), x] /; Fr
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eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

sinh (a +bx + cxz) bfcosh (a +bx + cxz) dx

fxcosh (a +bx + cxz) dx =

2c 2
sinh (a + bx + cxz) b f e—u—bx—cxz dx b fe”*b“fxz dx

2C 4C 4C

a_ﬁ (b+25x)2 ( b 2”

sinh (a + bx + cx2) (be 46) dx ( e 4c) fe  dx

2c 24C ic

4c \/—e f(b+26x) beu_z_c ﬁerﬁ (b;\z/;x) sinh (a +bx + sz)
=— 832 8032 + r

Mathematica [A] time = 0.143164, size = 130, normalized size = 1.17

\/%bErf(b;z;zx) (sinh (a - Z—i) — cosh (a - —)) \/mbEr ﬁ(b Cx) ( inh (a - Z—z) + cosh (a - b—)) + 4+/csinh(a + x(b A

8C3/2

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*x + c*xx~2],x]

[Out] (b*Sqrt[Pi]*Erf[(b + 2*cxx)/(2*Sqrt[c])]*(-Cosh[a - b~2/(4*c)] + Sinh[a - b
~2/(4xc)]) - b*Sqrt[Pil*Erfil[(b + 2*xcxx)/(2*Sqrt[c])]*(Cosh[a - b2/ (4*c)]
+ Sinh[a - b72/(4%c)]) + 4xSqrtlcl*Sinh[a + x*x(b + c*x)])/(8%c~(3/2))

Maple [A] time = 0.034, size = 124, normalized size = 1.1

—cx2—bx—a b 4,15 h2 b1 3 cx?+bx+a b 4ac—b2
e \/_ Erf(\/Ex+ ——) c2+ ¢ + \/Ee 4c Erf( vV-cx +

4c 2+/c 4c 8c

I\le‘

1
v—) =
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(c*x~2+b*x+a),x)

[Out] -1/4/c*exp(-c*x~2-b*x-a)-1/8%b/c”(3/2)*Pi~(1/2)*exp(-1/4*(4*axc-b~2)/c)x*erf
(c™(1/2)*x+1/2%b/c™(1/2))+1/4/c*exp (cxx~2+b*x+a) +1/8*b/c*xPi~ (1/2) *exp (1/4*(
4xaxc-b~2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2)*x+1/2%b/(-c)~(1/2))

Maxima [B] time = 1.589006, size = 825, normalized size = 7.43

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x”2+b*x+a),x, algorithm="maxima"
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[Out] 1/2*x"2*%cosh(c*x”2 + b*x + a) - 1/32x(sqrt(pi)*(2*c*x + b)*b~2x(erf (1/2*sqr
t(=(2%c*xx + b)"2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c”(5/2)) - 4xbxe” (1/4% (2%
c*x + b)72/c)/c”(3/2) - 4%(2%c*x + b) " 3xgamma(3/2, -1/4x(2xc*x + b)~2/c)/((
-(2%xc*x + b)"2/c)”"(3/2)*xc”(5/2)))*b*xe”(a - 1/4xb~2/c)/sqrt(c) + 1/32*(sqrt(
pi)*(2xcxx + b)*b~3*(erf (1/2xsqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2xc*x + b
)72/c)*c”(7/2)) - 6xb72xe” (1/4%(2xcxx + b)~2/c)/c™(5/2) - 12%(2%c*x + b) "3x
bkgamma (3/2, -1/4*(2%cxx + b)72/c)/((-(2xcxx + b)72/c)”(3/2)*c™(7/2)) + 8xg
amma (2, -1/4%(2*c*xx + b)~2/c)/c”(3/2))*sqrt(c)*e”(a - 1/4*%b"2/c) - 1/32%(sq
rt(pi) *(2*c*xx + b)*b~2* (erf (1/2*xsqrt ((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*xx +
b)"2/c)*(-c)~(5/2)) + 4xbkxcke” (-1/4%(2%cxx + b)~2/c)/(-c)”(6/2) - 4*(2*c*x
+ b) "3xgamma (3/2, 1/4*(2*cxx + b)~2/c)/(((2*xc*x + b)~2/c)~(3/2)*(-c)~(5/2))
)*bxe”(-a + 1/4*b~2/c)/sqrt(-c) - 1/32%(sqrt(pi)*(2*c*x + b)*b~3*(erf (1/2%*s
qrt ((2*c*xx + b)~2/c)) - 1)/(sqrt((2*%cxx + b)~2/c)*(-c)~(7/2)) + 6*%b~2*c*xe”(
-1/4%(2xc*x + b)~2/c)/(-c)~(7/2) - 12%x(2*xc*x + b) “3*bxgamma(3/2, 1/4*(2*c*x
+ b)72/c)/(((2xc*x + b)~2/c)"(3/2)x(-c)~(7/2)) + 8*c ™ 2xgamma (2, 1/4x(2xc*x
+ b)72/c)/(-c)~(7/2))*cxe”(-a + 1/4*b~2/c)/sqrt(-c)

Fricas [B] time = 1.84975, size = 892, normalized size = 8.04

b2—4 ac

) + bcosh (cx2 + bx + a) sinh (— .

b2—4 ac
4c

2ccosh (cx2 +bx + a)2 + \/E(b cosh (cx2 + bx + a) cosh (— ) + (b cosl

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2*c*cosh(c*x™2 + b*x + a)”2 + sqrt(pi)*(bxcosh(c*x~2 + b*x + a)*cosh(-
1/4%(b~2 - 4*a*c)/c) + b*cosh(cxx"2 + b*x + a)*sinh(-1/4*(b~2 - 4xaxc)/c) +
(bxcosh(-1/4%(b"2 - 4x*axc)/c) + bxsinh(-1/4*%(b"2 - 4*ax*xc)/c))*sinh(c*x™2 +

b*x + a))*sqrt(-c)*erf (1/2*x(2xc*xx + b)*sqrt(-c)/c) - sqrt(pi)*(bxcosh(c*xx~
2 + b*x + a)*cosh(-1/4*x(b~2 - 4*axc)/c) - b*cosh(c*x"2 + b*x + a)*sinh(-1/4
*(b"2 - 4*axc)/c) + (bxcosh(-1/4%(b"2 - 4*a*c)/c) - b*xsinh(-1/4%(b"2 - 4*ax
c)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)*erf(1/2x(2*cxx + b)/sqrt(c)) + 4xc*co
sh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a) + 2%c*sinh(c*x™2 + bxx + a)”2 - 2
*c)/(c"2*%cosh(c*x™2 + b*x + a) + ¢ 2*sinh(c*x™2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxcosh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x**2+bxx+a),x)

[Out] Integral(x*cosh(a + b*x + cxx**2), x)

Giac [A] time = 1.23404, size = 163, normalized size = 1.47

1 b (bzﬁ-m) 1 b (‘ hz:ﬁac)
Nt W G’ S e s U S G
Ve N V=
8c 8c

+92 e(cx2+bx+u)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/8*(sqrt(pi)*b*erf(-1/2xsqrt(c)*(2*x + b/c))*e”(1/4*(b~2 - 4xaxc)/c)/sqrt(
c) - 2xe”(-c*x”2 - b*x - a))/c + 1/8x(sqrt(pi)*bxerf(-1/2*sqrt(-c)*(2*x + b
/c))*xe”(-1/4%(b~2 - 4*axc)/c)/sqrt(-c) + 2%e”(c*x"2 + b*x + a))/c
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3.3 fcosh (a + bx + cxz) dx

Optimal. Leaf size=91

b2 b2
Z_ b+2cx - b+2
Ve ”Erf( ;/; ) . \re” 4cErﬁ( ;\/;x)

e e

[Out] (E"(-a + b~2/(4*c))*Sqrt[Pil*Erf[(b + 2*c*x)/(2xSqrt[cl)])/(4*xSqrtlc]) + (E
“(a - b72/(4%c))*Sqrt [Pi]*Erfi[(b + 2*cx*x)/(2%Sqrtlcl)])/(4xSqrt[c])

Rubi [A] time = 0.0339899, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 11, e e =

integrand size
0.364, Rules used = {5375, 2234, 2204, 2205}

2yc 2yc )

b2 b2
\/EeE_QErf(bJrzcx) \/Eea_z Erfi (b+zzx
+
NG e

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x + c*x"2],x]

[Out] (E"(-a + b~2/(4*c))*Sqrt[Pil*Erf[(b + 2*c*x)/(2xSqrt[cl)])/(4*xSqrtlc]) + (E
“(a - b72/(4xc))*Sqrt [Pi]1*Erfi[(b + 2*cxx)/(2*Sqrt[c])])/(4xSqrtlc])

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*xd*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F )~ ((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erf[(c + d*x)*Rt[-(b*Logl[F]), 2]1]1)/(2*d*Rt[-(b*Logl[F]l), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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1 1
fCOSh (a+bx+cx2) dx — Efe_a_bx_cxz dx+ E\]‘ea+l7x-i—(lxz dx

»2

1 ¥ (0+2cx)? 1 0~ (b2
= Eea 4c fg 4c dx+§e at g fe 4 dx

¥ ¥
o b+2 L b2
) e ”+4c\/7zerf( ;/;x) . e’ 4cy/7'(erﬁ( ;\/;x)
4nJc 4nJc

Mathematica [A] time = 0.0629771, size = 105, normalized size = 1.15

Vn (Erf(b;z/;x) (Cosh (a - Z—i) —sinh (a - Z—i)) + Erfi (b;z/;x) (sinh (a - Z—i) + cosh (a - Z—i)))
4y

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi]*(Erf[(b + 2%c*x)/(2%Sqrt[c])]*(Cosh[a - b~2/(4*c)] - Sinh[a - b72
/(4xc)]) + Erfi[(b + 2xcx*x)/(2*Sqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a - b~
2/(4xc)]1)))/(4xSqrt[cl)

Maple [A] time = 0.03, size = 83, normalized size = 0.9

ﬁ _4ac—b2 b1 1 \/E 4ac-b? b 1 1
=€ i Erf(vex+ -— ﬁ_Te i Erf _‘/__C“E\/__—c N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*x+a),x)

[Out] 1/4%Pi~(1/2)*exp(-1/4*(4*a*xc-b~2)/c)/c~(1/2)*erf(c™(1/2)*x+1/2%b/c~(1/2))-1
/4xPi~ (1/2)*exp(1/4* (4*xaxc-b~2)/c)/(-c)~(1/2) *erf (-(-c)~(1/2)*x+1/2*%b/(-c)~
(1/2))

Maxima [B] time = 1.51132, size = 626, normalized size = 6.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="maxima"

[Out] 1/8*(sqrt(pi)*(2*c*x + b)*bx(erf(1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2
xc*x + b)72/c)*c”(3/2)) - 2*xe~(1/4*(2*c*xx + b)~2/c)/sqrt(c))*bxe”(a - 1/4%b
~2/c)/sqrt(c) - 1/8*(sqrt(pi)*(2*c*x + b)*b~2*(erf (1/2*sqrt(-(2*xc*x + b)~2/
c)) - 1)/(sqrt(-(2%c*x + b)~2/c)*c”(5/2)) - 4xb*xe” (1/4*(2%c*x + b)~2/c)/c™(
3/2) - 4x(2xc*x + b) "3*gamma(3/2, -1/4*%(2*xc*x + b)~2/c)/((-(2*cxx + b)~2/c)
~(3/2)*%c”(5/2)))*sqrt(c)*e”(a - 1/4*%b~2/c) - 1/8*(sqrt(pi)*(2xc*x + b)*b*(e
rf (1/2xsqrt ((2xcxx + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + 2xc
xe~ (=1/4*%(2*c*x + b)~2/c)/(-c)~(3/2))*bxe~(~a + 1/4%¥b~2/c)/sqrt(-c) - 1/8%(
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sqrt (pi)*(2*c*x + b)*b~2%(erf (1/2*sqrt ((2*c*x + b)~"2/c)) - 1)/(sqrt((2*c*x
+ b)72/c)*(-c)"(5/2)) + 4xbxcxe” (-1/4%(2%c*x + b)72/c)/(-c)7(5/2) - 4x(2*cx
X + b) " 3xgamma(3/2, 1/4*%(2*cxx + b)~2/c)/(((2*xc*x + b)~2/c)~(3/2)*(-c)~(5/2
)))*cxe”(-a + 1/4*%b"2/c)/sqrt(-c) + x*cosh(c*x”2 + b*x + a)

Fricas [A] time = 1.77096, size = 302, normalized size = 3.32

b2—4ac . b2—4ac (2 cx+b)y/=c b2-4 ac . b2-4 ac 2cx+b
_\/E\/—_c(cosh (— o ) + sinh (— - )) erf( - ) - \/E\/E(cosh (— o ) — sinh (— . )) erf( Ve )

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4x(sqrt(pi)*sqrt(-c)*(cosh(-1/4x(b~2 - 4*a*xc)/c) + sinh(-1/4%(b"2 - 4x*ax
c)/c))xerf (1/2*%(2*cxx + b)*sqrt(-c)/c) - sqrt(pi)*sqrt(c)*(cosh(-1/4%(b"2 -
dxaxc)/c) - sinh(-1/4%(b"2 - 4xaxc)/c))*erf(1/2+%(2xc*x + b)/sqrt(c)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x**2+b*x+a) ,x)

[Out] Integral(cosh(a + b*x + c*xx**2), x)

Giac [A] time = 1.3526, size = 107, normalized size = 1.18

Vrest(ifores )d 7 ret(dyefoes ) )
B 4+c - 4+~

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*erf(-1/2*xsqrt(c)*(2*x + b/c))*e”(1/4%(b~2 - 4*axc)/c)/sqrt(c)
- 1/4xsqrt(pi)*erf (-1/2xsqrt(-c)*(2*x + b/c))*e”~(-1/4x(b~2 - 4xax*c)/c)/sqr
t(-c)
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dx

34 f cosh(a+bx+cx2)

Optimal. Leaf size=17

X

cosh (a +bx + cxz)

, X

Unintegrable ( ”

[Out] Unintegrable[Cosh[a + b*x + c*x~2]/x, x]

Rubi [A] time = 0.0104105, antiderivative size = 0, normalized size of antiderivative =
. . f rul

0., number of steps used = 0, number of rules used = 0, integrand size = 0, M =
integrand size

0., Rules used = {}

dx

f cosh (a + bx + cx2)

X

Verification is Not applicable to the result.

[In] Int[Cosh[a + b*x + c*x~2]/x,x]

[Out] Defer[Int] [Cosh[a + b*x + c*x~2]/x, x]

Rubi steps

dx

X

f cosh (a +bx + cxz) ; f cosh (a + bx + cxz)
x =
X

Mathematica [A] time = 0.533765, size = 0, normalized size = 0.

dx

f cosh (a +bx + cxz)
x

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x + c*x~2]/x,x]

[Out] Integrate[Cosh[a + b*x + c*xx~2]/x, x]

Maple [A] time = 0.028, size = 0, normalized size = 0.

dx

f cosh (cx2 +bx + a)

X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*x+a)/x,x)

[Out] int(cosh(c*x~2+b*x+a)/x,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)/x,x, algorithm="maxima"

[Out] integrate(cosh(c*x”2 + bxx + a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 +bx + a)

X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)/x,x, algorithm="fricas")

[Out] integral(cosh(c*x™2 + b*x + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (a +bx + cxz)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(cxx**2+b*x+a)/x,x)

[Out] Integral(cosh(a + b*x + c*kx**2)/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(cosh(c*x"2 + b*x + a)/x, x)
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— dx

XZ X

35 f cosh(a+bx+cx2) b sinh(a+bx+cx2)

Optimal. Leaf size=107
1 2_, b+2cx) 1 N b+ 2cx amh@+bx+wﬂ
- cet "Erf + = ce” wErfi -
7 Vv r(zxﬁ)f/w r(zﬁ)

[Out] -(Cosh[a + b*x + c*x~2]/x) - (Sqrtlcl*E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf[(b +
2*xc*xx)/(2%Sqrt[c])]) /2 + (Sqrtlcl*E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2*c*
x)/(2x8qrtc])])/2

X

Rubi [A] time = 0.0859361, antiderivative size = 107, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 5, integrand size = 33, il

= 0.152, Rules used = {5391, 5374, 2234, 2204, 2205}

integrand size

cosh (a +bx + cxz)

1 2_, b+2cx\ 1 L b+ 2cx
NN Erf( = )+§\/Me 4cErﬁ( = )_

X

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x + c*x"2]/x"2 - (b*Sinh[a + b*x + c*xx72])/x,x]

[Out] -(Cosh[a + b*x + c*x72]/x) - (Sqrtlc]*E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b +
2*xc*xx)/(2+Sqrt[c])])/2 + (Sqrtlcl*E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2*c*
x)/(2%Sqrt[c])])/2

Rule 5391

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[((d + e*x)"(m + 1)*Coshl[a + b*x + c*x72])/(ex(m + 1)), x] + (
-Dist[(2%c)/(e”2%(m + 1)), Int[(d + exx)"(m + 2)*Sinh[a + b*x + c*x~2], x],
x] - Dist[(b*e - 2%cxd)/(e”2x(m + 1)), Int[(d + e*x) " (m + 1)*Sinh[a + b*x
+ c*x~2], x], x]) /; FreeQl{a, b, c, d, e}, x] & LtQ[m, -1] && NeQ[bxe - 2
xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLogl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[F1), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

dx

X x2

cosh (a +bx + cxz) bsinh (a +bx + cxz) sinh (a +bx + cxz) cosh (a +bx + cxz)
I S - dv=-{b [ ax|+ [

2
_ _cosh (a+bx +cx?) +(2c) fsinh (a+bx + cx?) dx

X
cosh (a + bx + cxz) ) )
- _ _Cfe—a—bx—cx dx+cfea+bx+cx dx
X
cosh (u +bx + cxz) P (b+2cx? P
=- + [ ce 4cfe 4 dx—|ce 4cf
X

cosh (a+bx +cx?) 1 12 ) 1
= - ( ) -= ce_“E\/Eerf( " cx) + E\/Ee“

X 2 2+/c

Mathematica [A] time = 7.6782, size = 132, normalized size = 1.23

2

\/%\/ExErf(b;%) (sinh (a - %) — cosh (a - Z—i)) + /m/cxErfi (b;%) (Sinh (a - Z—i) + cosh (u - Z—i)) —2cosh(a -

2x

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x + c*x72]/x72 - (b*Sinh[a + b*x + c*x~2])/x,x]

[Out] (-2*Cosh[a + x*(b + c*xx)] + Sqrtlc]*Sqrt[Pi]*x*Erf[(b + 2xc*x)/(2*Sqrt[c])]
x(-Cosh[a - b~2/(4*c)] + Sinh[a - b"2/(4*c)]) + Sqrtlcl*Sqrt[Pi]*x*Erfil[(b
+ 2%c*xx)/(2xSqrt[c])]1*(Cosh[a - b~2/(4*c)] + Sinh[a - b~2/(4xc)]))/(2*x)

Maple [F] time = 0.116, size = 0, normalized size = 0.

- dx

cosh (cx2 +bx + a) bsinh (cx2 +bx + a)
f x2 X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x"2+b*x+a)/x,x)

[Out] int(cosh(c*x~2+b*x+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

—+

bsinh (cx2 +bx + a) cosh (cx2 +bx + a)
f - x x2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(c*x™2+b*x+a)/x"2-b*sinh(c*x"2+b*x+a)/x,x, algorithm="maxima"

)

[Out] integrate(-b*sinh(c*x~2 + b*x + a)/x + cosh(c*x”™2 + b*x + a)/x"2, x)

Fricas [B] time = 1.90291, size = 872, normalized size = 8.15

b—4ac . bP-4ac bP—4ac . WP—4a
\/E(x cosh (cx2 +bx + a) cosh (— . ) + x cosh (cx2 +bx + a) sinh (— . ) + (x cosh (_T +xsinh (~—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)/x"2-b*sinh(c*x~2+b*x+a)/x,x, algorithm="fricas"

)

[Out] -1/2%(sqrt(pi)*(x*cosh(c*x"2 + b*x + a)*cosh(-1/4%(b"2 - 4x*axc)/c) + x*cosh
(c*x72 + b*x + a)*sinh(-1/4*(b~2 - 4x*axc)/c) + (x*cosh(-1/4x(b~2 - 4x*axc)/c

) + x*sinh(-1/4%(b~2 - 4*axc)/c))*sinh(c*x"2 + bxx + a))*sqrt(-c)*erf (1/2x*(

2xcxx + b)*sqrt(-c)/c) + sqrt(pi)*(xxcosh(c*x™2 + b*x + a)*cosh(-1/4%(b"2 -
4dxaxc)/c) - x*cosh(c*x™2 + b*xx + a)*xsinh(-1/4*(b~2 - 4*xaxc)/c) + (x*xcosh(-
1/4x(b~2 - 4xaxc)/c) - x*sinh(-1/4*(b~2 - 4xaxc)/c))*sinh(c*x”2 + b*x + a))

xsqrt (c)*erf (1/2%(2%c*x + b)/sqrt(c)) + cosh(c*x™2 + b*x + a)”2 + 2*cosh(cx

X"2 + b*x + a)*sinh(c*x”2 + b*x + a) + sinh(c*x™2 + b*x + a)”2 + 1)/(x*cosh
(c*x72 + b*x + a) + x*sinh(c*x”2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

cosh (a + bx + cx?) bsinh (a + bx + c2?)
bt

x x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(cxx**2+b*x+a)/x**2-b*sinh (cxx**2+b*xx+a)/x,x)

[Out] -Integral(-cosh(a + bxx + c*x**2)/x**2, x) - Integral(b*sinh(a + b*x + c*x*
*2)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

+ 5 dx
X X

f bsinh (cx2 +bx + a) cosh (cx2 +bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)/x~2-b*sinh(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(-b*sinh(c*x~2 + b*x + a)/x + cosh(c*x™2 + b*x + a)/x"2, x)
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3.6 fxz cosh (a + bx — cxz) dx

Optimal. Leaf size=227

¥ ¥ 2
— b-2c — b-2c —g—— b—2cx —g—— b—2cx
\/nbze“+4cErf( 2\/;) \/nea+4cErf( 2\/;) ) Ve ke Erﬁ( 2\/; ) Ve " Erﬁ( " ) _ bsinh (a+bx-
B 16¢5/2 B 8c3/2 16c5/2 - 8c3/2 4c2

[Out] -(b"2*E~(a + b~2/(4*c))*Sqrt [Pi]*Erf[(b - 2*c*x)/(2xSqrt[c]l)])/(16*xc~(5/2))
- (E(a + b72/(4*c))*Sqrt [Pi]*#Erf [(b - 2*c*x)/(2*Sqrt[c])])/(8+%c~(3/2)) -
(b™2%E~(-a - b~2/(4%*c))*Sqrt [Pi]*Erfi[(b - 2*c*xx)/(2*Sqrtlc]l)])/(16*xc~(5/2)
) + (E7(-a - b72/(4xc))*Sqrt [Pi]*Erfi[(b - 2*c*xx)/(2xSqrt[cl)])/(8*c~(3/2))
- (b*Sinh[a + b*x - c*x"2])/(4*xc”2) - (x*Sinh[a + b*x - c*x~2])/(2*c)

Rubi [A] time = 0.142058, antiderivative size = 227, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 16, >

= 0.438, Rules used = {56387, 5374, 2234, 2205, 2204, 5383, 5375}

integrand size

¥ ¥ b2 b2
L b-2 L ) - b2 - )
Ve x Erf(z—\;;) Ve x Erf( 2‘;;) N Erﬁ( 2\/?) X Ve "% Erﬁ(z—\/czx) _ bsinh (a +bx—
- 16572 - 8¢312 - 16572 8c312 4c2

Antiderivative was successfully verified.

[In] Int[x"2*Coshl[a + b*x - c*xx~2],x]

[Out] -(b"2xE~(a + b~2/(4%*c))*Sqrt[Pi]*Erf[(b - 2*cx*x)/(2xSqrtc])])/(16%xc~(5/2))
- (E7(a + b72/(4*c))*Sqrt [Pi]*Erf [(b - 2*cx*x)/(2*Sqrt[c])])/(8%c~(3/2)) -
(b~2*E~(-a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrtlcl)])/(16*c~(5/2)
) + (E7(-a - b72/(4xc))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrtlcl)])/(8*c~(3/2))
- (b*Sinh[a + b*x - c*x72])/(4*c”2) - (x*Sinh[a + b*x - c*xx72])/(2*c)

Rule 5387

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*x)~(m - 1)*Sinh[a + b*x + c*x72])/(2xc), x] + (-Dis
t[(e™2x(m - 1))/(2xc), Int[(d + exx)"(m - 2)*Sinh[a + bxx + c*x~2], x], x]
- Dist[(bxe - 2%cxd)/(2*xc), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*xx~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] & GtQ[m, 1] && NeQ[b*e - 2%cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)”2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]
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Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
xc*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + cxx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQl{a, b, c}, x]

Rubi steps

xsinh (a + bx — cxz) fsinh (u +bx - cxz) dx b fxcosh (a + bx — cxz) dx
+ +

fxz cosh (a + bx—cxz) dx = —

2c 2c 2c
bsinh (a + bx — cxz) x sinh (a + bx — cxz) b? f cosh (a + bx — cxz) dx fe””bx‘
= - - + +
42 2c 4c? 4c
bsinh (a + bx — cxz) x sinh (a + bx — cxz) b2 f prtbe—c® gy 2 f ea-breed? gy
= - - + + -
42 2c 8c? 8c?
,1+Z—2 f b-2cx —a—i—z f b-2cx . .
e« ﬁer e e « \/Eer 2e bsinh (11 + bx - cxz) x sinh (u + bx —
= — + — —
8c3/2 832 4c2 2c
b2 a+§\/— rf(b—Zcx) g+§\/— rf(b—ZCx) 2 —a—i—i \/— i (b—ZCx) _”_Z_i \/— i
. e e - _e e i) e e - +e e
B 1652 8¢3/2 16572 8312

Mathematica [A] time = 0.289864, size = 152, normalized size = 0.67

\/E(bz + ZC) Erf(%) (sinh (a + Z—i) + cosh (a + Z—i)) + \/E(bz - 2c) Erfi (2;(/_;) (cosh (a + Z—i) — sinh (a + Z—i)) -4
16¢5/2

Antiderivative was successfully verified.

[In] Integrate[x"2*Coshl[a + b*x - c*x~2],x]

[Out] ((0"2 - 2*c)*Sqrt[Pil*Erfi[(-b + 2xc*x)/(2xSqrt[c])]*(Cosh[a + b~2/(4*c)] -
Sinh[a + b~2/(4*c)]) + (b2 + 2%c)*Sqrt[Pi]*Erf[(-b + 2*cx*x)/(2xSqrtlc])]x*
(Cosh[a + b~™2/(4xc)] + Sinh[a + b~2/(4*c)]) - 4*xSqrtlc]*(b + 2xc*x)*Sinh[a

+ xx(b - c*x)])/(16%c”(5/2))

Maple [A] time = 0.044, size = 244, normalized size = 1.1

xecxz—hx—a . bech—bx—a N b2 /7_( _4a
(§]
4c 8c? 16 c?

c+t? b 1 1 \/E _4ac+b2 b 1 1 xe‘cx2+bx+
4 Brflv-cx+ -—|—= - —¢ 4 Erf|y-cx+ = -
( ZV—C) V-c 8¢ ( 2\/—C) \-c 4c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(-c*x"2+b*x+a) ,x)

[Out] 1/4/c*x*xexp(c*x”~2-bxx-a)+1/8%b/c”2xexp(c*x~2-bxx-a)+1/16%b~2/c”~2*Pi~ (1/2)*e
xp(=1/4%(4*a*xc+b~2)/c)/(-c)~(1/2)*xerf ((-c) ~(1/2) *x+1/2*b/(-c)~(1/2))-1/8/c*
Pi~(1/2)*exp(-1/4x(4*axc+b”2)/c)/(-c)~(1/2) *erf ((-c)~(1/2)*x+1/2%b/(-c)~(1/
2))-1/4/c*x*xexp (—c*x™2+b*x+a)-1/8*b/c"2*exp (-c*x~2+b*x+a)-1/16%b~2/c~ (5/2) *
Pi~(1/2)*exp(1/4* (4*axc+b”2) /c)*erf (-c~(1/2)*x+1/2%b/c~(1/2))-1/8/c~(3/2) *P
i7(1/2) *xexp(1/4* (4d*xaxc+b™2) /c)*erf (-c~(1/2)*x+1/2xb/c”~(1/2))

Maxima [B] time = 1.61316, size = 1126, normalized size = 4.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/3*x73*cosh(c*x™2 - b*x - a) - 1/96*(sqrt(pi)*(2*cxx - b)*b~3*(erf (1/2*sqr
t((2%c*x - b)72/c)) - 1)/(sqrt((2*c*xx - b)~2/c)*(-c)~(7/2)) - 6%b~2xc*xe” (-1
/4% (2*%cxx - b)~2/c)/(=c)~(7/2) - 12%(2*c*x - b) " 3xb*gamma(3/2, 1/4*(2xc*x -
b)~2/c)/(((2%cxx - b)~2/c)~(3/2)*(-c)~(7/2)) - 8xc~2*gamma(2, 1/4x(2*xcxx -
b)~2/c)/(-c)~(7/2))*bxe~(a + 1/4%b"2/c)/sqrt(-c) - 1/96x(sqrt(pi)*(2*xcxx -
b)*b~4* (erf (1/2xsqrt ((2*%cxx - b)~2/c)) - 1)/(sqrt((2*c*xx - b)~2/c)*(-c)~(9
/2)) - 8%b~3*ckxe”(-1/4%(2*c*xx - b)~2/c)/(-c)”(9/2) - 24%(2*c*x - b) " 3*xb"2%g
amma (3/2, 1/4*%(2*c*x - b)~2/c)/(((2%cxx - b)~2/c)~(3/2)*(-c)~(9/2)) - 32*Dbx
c"2xgamma (2, 1/4x(2xc*x - b)~2/c)/(-c)~(9/2) - 16%(2*c*x - b) b*xgamma(5/2,
1/4%(2%c*x - b)72/c)/(((2xc*x - 1)72/c)"(5/2)*(-c)~(9/2)) ) *c*e”(a + 1/4%b"2
/c)/sqrt(-c) + 1/96*(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqrt(-(2*c*x - b)~2/
c)) - 1)/(sqrt(-(2%c*xx - b)72/c)*c”(7/2)) + 6xb~2xe~(1/4*(2*xc*x - b)~2/c)/c
~(5/2) - 12%(2%c*x - b) " 3*bxgamma(3/2, -1/4*(2%c*x - b)~2/c)/((-(2xc*x - b)
~2/c)”(3/2)*%c™(7/2)) - 8xgamma(2, -1/4*(2*cxx - b)~2/c)/c”(3/2))*bxe”(-a -
1/4xb~2/c)/sqrt(c) - 1/96*(sqrt(pi)*(2xc*x - b)*b~4*(erf (1/2*sqrt(-(2xc*x -
b)~2/c)) - 1)/(sqrt(-(2*cxx - b)~2/c)*c~(9/2)) + 8%b~3xe” (1/4*(2xc*x - b)~
2/c)/c”(7/2) - 24x(2xc*x - b) ~3*b~2*gamma(3/2, -1/4*(2*cxx - b)~2/c)/((-(2x*
c*x - b)72/c)"(3/2)*c~(9/2)) - 32*bxgamma (2, -1/4*(2*c*x - b)~2/c)/c~(5/2)
- 16%(2*c*x - b) “bxgamma(5/2, -1/4%(2*c*x - b)~2/c)/((=(2*c*x - b)~2/c)~(5/
2)*c~(9/2)))*sqrt(c)*e”(-a - 1/4%¥b~2/c)

Fricas [B] time = 2.12858, size = 1065, normalized size = 4.69

b2+4 ac

- ) - (b2 - 20) cosh (ch -

4c2x -2 (2 c2x + bc) cosh (cx2 —bx - a)z + \/ﬁ((b2 -2 c) cosh (cx2 —bx - a) cosh (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4xc™2*xx — 2%x(2xc”2*%x + bxc)*cosh(c*x™2 - b*x - a)”2 + sqrt(pi)*((b~2
- 2xc)*cosh(c*x™2 - b*x - a)*cosh(1/4*(b"2 + 4xa*xc)/c) - (b~2 - 2xc)*cosh(
c*x”2 - bxx - a)*sinh(1/4x(b~2 + 4xa*xc)/c) + ((b~2 - 2*c)*cosh(1/4*(b"2 + 4
xaxc)/c) - (b72 - 2%c)*sinh(1/4*(b~2 + 4xaxc)/c))*sinh(c*x™2 - b*x - a))*sq



38

rt(-c)*erf (1/2*%(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*((b"2 + 2*c)*cosh(c*x™2 -
b*x - a)*cosh(1/4*(b~2 + 4*axc)/c) + (b72 + 2xc)*cosh(c*x™2 - b*x - a)*sin
h(1/4%x(b~2 + 4xa*xc)/c) + ((b72 + 2xc)*cosh(1/4*(b"2 + 4*axc)/c) + (b72 + 2%
c)*sinh(1/4%(b~2 + 4*axc)/c))*sinh(c*x"2 - b*x - a))*sqrt(c)*erf (1/2x(2xc*x
- b)/sqrt(c)) - 4x(2xc”2*x + bxc)*cosh(c*xx™2 - b*x - a)*sinh(c*x™2 - b*x -
a) - 2x(2%c72*x + b*c)*sinh(c*x™2 - bxx - a)”2 + 2%bxc)/(c"3*cosh(c*xx™2 -
b*x - a) + c"3*sinh(c*x"2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz cosh (a +bx - cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(-c*x**2+b*x+a),x)

[Out] Integral (x*x2*cosh(a + b*x - c*x**2), x)

Giac [A] time = 1.22861, size = 225, normalized size = 0.99

(b2+4ac)
\/E(b2+2 c) erf(—% \/E(Z x—é))e 4c
\/E

VA(pP-2¢)ert(-} \/—_C(Zx—g))e(_ 4 —2(c( b

Cc

+2 (C(Zx - ?) +2 b)e(_cx2+bx+“)

16 c2 16 c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(pi)*(b~2 + 2*c)*erf(-1/2xsqrt(c)*(2*xx - b/c))*e”(1/4*(b"2 + 4x*a
xc)/c)/sqrt(c) + 2x(c*x(2%x - b/c) + 2xb)*e”(-c*x™2 + bxx + a))/c”2 - 1/16%(
sqrt(pi)* (b2 - 2xc)*erf (-1/2*sqrt(-c)*(2*x - b/c))*e”(-1/4x(b~2 + 4xax*c)/c
)/sqrt(-c) - 2*(cx(2*x - b/c) + 2*b)*e”(c*x"2 - b*x - a))/c”2
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3.7 fx cosh (a + bx — cxz) dx

Optimal. Leaf size=112

¥ ¥
7 b—2cx —g—— b-2cx
VnmﬁkEﬁ(zé) \ﬁwe”&Em(3éj sinh a + b - %)
- 8c3/2 - 8c3/2 - 2c

[Out] -(b*E~(a + b~2/(4*c))*Sqrt[Pi]*Erf[(b - 2*cx*x)/(2*Sqrt[c]l)])/(8%c~(3/2)) -
(b*E~(-a - b~2/(4%c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2*Sqrt[c])])/(8%c~(3/2)) -
Sinh[a + b*x - c*xx~2]/(2*c)

Rubi [A] time = 0.0531389, antiderivative size = 112, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 6, number of rules used = 5, integrand size = 14, fomner o e

= 0.357, Rules used = {5383, 5375, 2234, 2205, 2204}

integrand size

b2 b2
s b-2 - b-2
be" & Erf( 2\/?) Vnbe " w Erfi (2_\/?) sinh (a + bx - cxz)
- 8c3/2 - 8c3/2 - 2c

Antiderivative was successfully verified.

[In] Int[x*Cosh[a + b*x - c*xx"2],x]

[Out] -(b*E~(a + b~2/(4*c))*Sqrt[Pil*Erf[(b - 2*c*x)/(2*Sqrt[c])])/(8%c~(3/2)) -
(b*E~(-a - b~2/(4%c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2*Sqrt[c])])/(8%c~(3/2)) -
Sinh[a + bxx - c*x72]/(2%c)

Rule 5383

Int[Cosh[(a_.) + (b_)*(x) + (c_.)*(x)"2]1%((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLog[F], 2]1), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

sinh (a + bx — cx2) bfcosh (a + bx - cxz) dx
+

fxcosh(a+bx—cx2) dx = —

2c 2c
sinh (a + bx —cx?) b (vt gy p [e-0-bx+ed® gy
_ st ), o ol
2c 4c 4c
(=b+2cx)? - ? (- 2cx)2
sinh (a + bx — cxz) ( 4c) e % dx (be 4C) f e dx
2c Ac dc
u+f b—2cx —a—g b—2cx
() b (s) e
B 8c32 - 8032 - e

Mathematica [A] time = 0.145647, size = 134, normalized size = 1.2

\/%bErf(ZZ/_Eb) (sinh (a + Z ) + cosh (a + )) \/—bErﬁ( Ci/_b) (cosh (a + i ) —sinh (a + )) 4+Jcsinh(a + x(b -

8C3/2

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*x - c*xx"2],x]

[Out] (b*Sqrt[Pi]*Erfil[(-b + 2*cx*x)/(2*Sqrt[c])]*(Cosh[a + b"2/(4*c)] - Sinh[a +
b~2/(4*c)]) + b*Sqrt[Pi]*Erf[(-b + 2%c*x)/(2%Sqrt[c])]*(Cosh[a + b72/(4*c)]
+ Sinh[a + b~2/(4%c)]) - 4xSqrtlcl*Sinh[a + x*x(b - c*x)])/(8%c~(3/2))

Maple [A] time = 0.035, size = 120, normalized size = 1.1

ecxz—bx a b\/— 4ﬂc+b2 b 1 1 e—cx2+bx+a b\/E dac+l? b1 _3
“4c Erfly-cx+ = - ac Frf|- +=——|c 2
4c 8c © g ( YTy )\/— 4c ¢ g ( Vex 2@)6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(-c*x~2+b*x+a),x)

[Out] 1/4/cxexp(c*xx”2-b*x-a)+1/8%b/c*Pi~(1/2)*exp(-1/4*(4xa*xc+b~2)/c)/(-c)~(1/2)*
erf ((-c)~(1/2)*x+1/2xb/(-c)~(1/2))-1/4/cxexp(-c*x~2+b*x+a)-1/8%b/c~(3/2) *Pi
~(1/2) *exp(1/4* (4xaxc+b~2) /c) *erf (-c~(1/2) *x+1/2%b/c~(1/2))

Maxima [B] time = 1.52605, size = 910, normalized size = 8.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+bxx+a),x, algorithm="maxima")
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[Out] 1/2*x"2*%cosh(c*x”2 - b*x - a) + 1/32x(sqrt(pi)*(2*c*x - b)*b~2x(erf (1/2*sqr
t((2%c*x - b)7"2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 4xbxcxe~(-1/4
x(2xc*x - b)"2/c)/(-c)~(5/2) - 4%(2%c*x - b) " 3xgamma(3/2, 1/4*(2*c*x - b)~2
/c)/(((2%¥cxx - b)72/c)”(3/2)*(-c)~(56/2)))*bxe”(a + 1/4%¥b"2/c)/sqrt(-c) + 1/
32%(sqrt (pi) *(2xc*x - b)*b~ 3% (erf (1/2xsqrt ((2*xcxx - b)~2/c)) - 1)/(sqrt((2x
cxx = b)72/c)*(-c)~(7/2)) - 6%xb~2xc*xe” (-1/4%(2xc*x - b)~2/c)/(-c)~(7/2) - 1
2% (2%c*x - b) "3*xb*gamma(3/2, 1/4*(2*xc*x - b)~2/c)/(((2%cxx - b)~2/c)”(3/2)*
(-c)~(7/2)) - 8*c™2xgamma (2, 1/4%(2xc*x - b)~2/c)/(-c)~(7/2))*c*xe”(a + 1/4%
b~2/c)/sqrt(-c) + 1/32x(sqrt(pi)*(2*xc*x - b)*b~2x(erf (1/2*sqrt(-(2*c*x - b)
~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c”(5/2)) + 4xb*xe” (1/4%(2*c*x - b)~2/c)/
c™(3/2) - 4%(2%cxx - b) " 3*gamma(3/2, -1/4%(2*cxx - b)~2/c)/((-(2%c*x - b)~2
/c)~(3/2)*%c~(5/2)))*bxe” (-a - 1/4*b~2/c)/sqrt(c) - 1/32%(sqrt(pi)*(2*c*x -
b)*b~ 3% (erf (1/2xsqrt (- (2*c*x - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(7/2
)) + 6xb~2%e~(1/4*%(2*%cxx - b)~2/c)/c”(5/2) - 12%(2*c*x - b) " 3*b*gamma(3/2,
-1/4%(2xc*x - b)~2/c)/((-(2*c*x - b)~2/c)~(3/2)*c~(7/2)) - 8*gamma(2, -1/4x
(2xc*xx - b)~2/c)/c”(3/2))*sqrt(c)*e”(-a - 1/4*%b~2/c)

Fricas [B] time = 2.16569, size = 882, normalized size = 7.88

2ccosh (cx2 —bx - a)2 - \/E(b cosh (cx2 —bx - a) cosh (bziac) —bcosh (cx2 —bx - a) sinh (bzﬁac) + (b cosh (E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2*c*cosh(c*x™2 - b*x - a)”2 - sqrt(pi)*(bxcosh(c*x™2 - b*x - a)*cosh(l
/4% (b~2 + 4*axc)/c) - bxcosh(c*x™2 - b*x - a)*sinh(1/4*(b~2 + 4xaxc)/c) + (
bxcosh(1/4*x(b~2 + 4xax*c)/c) - b*sinh(1/4*x(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x

- a))*sqrt(-c)*erf (1/2*(2*cxx - b)*sqrt(-c)/c) + sqrt(pi)*(b*cosh(c*x™2 -
b*x — a)*cosh(1/4*%(b"2 + 4*axc)/c) + b*cosh(c*x™2 - b*x - a)*sinh(1/4*(b"2

+ 4xaxc)/c) + (bxcosh(1/4%(b~2 + 4*axc)/c) + b*sinh(1/4*x(b"2 + 4xaxc)/c))*s
inh(c*x™2 - b*x - a))*sqrt(c)*erf(1/2*(2xc*x - b)/sqrt(c)) + 4*c*cosh(cxx™2

- b*x - a)*sinh(c*x”2 - b*x - a) + 2*c*sinh(c*x™2 - b*x - a)”2 - 2*c)/(c"2
*cosh(c*x™2 - b*x - a) + c¢™2*xsinh(c*x™2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fx cosh (a + bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x**2+b*x+a),x)

[Out] Integral(x*cosh(a + b*x - cxx*%*2), x)

Giac [A] time = 1.27385, size = 166, normalized size = 1.48

b2 +4ac
/b erf(—% \/5(2 x—%))e( 4e ) ) e(—cx2+bx+a) Vb erf(—% \/—_0(2 x_lcz))E( B ) _ (cxz—bx—a)
Ve =

8¢ 8¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+bx*x+a),x, algorithm="giac")

[Out] -1/8x(sqrt(pi)*b*xerf(-1/2*xsqrt(c)*(2xx - b/c))*e”(1/4%(b~2 + 4*axc)/c)/sqrt
(c) + 2xe”(-c*xx™2 + b*x + a))/c - 1/8%(sqrt(pi)*bxerf(-1/2*sqrt(-c)*(2*xx -
b/c))*e” (-1/4%(b"2 + 4xaxc)/c)/sqrt(-c) - 2%e”(c*x"2 - b*x - a))/c
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3.8 fcosh (a + bx — cxz) dx

Optimal. Leaf size=91

b2 ¥
7 b-2cx —g—— b-2cx
_\/Ee“+4cErf( - ) R 4cErﬁ( - )

e e

[Out] -(E~(a + b~2/(4*c))*Sqrt[Pi]*Erf [(b - 2*c*x)/(2xSqrt[cl)])/(4*xSqrtlc]) - (E
“(-a - b72/(4xc))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrt[c]l)])/(4xSqrtlc])

Rubi [A] time = 0.0338869, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e e =

integrand size
0.333, Rules used = {5375, 2234, 2205, 2204}

b2 2
— b-2, ——— b-2
_\/716’”46 Erf( 2\/?) . Ve x Erﬁ( 2\/?)

e e

Antiderivative was successfully verified.

[In] Int[Coshl[a + b*x - c*x~2],x]

[Out] -(E"(a + b~2/(4*c))*Sqrt[Pi]*Erf [(b - 2*c*x)/(2xSqrt[cl)])/(4*xSqrtlc]) - (E
“(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2%Sqrtlc]l)])/(4*Sqrtlc])

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F )~ ((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*d*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps
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1 1
fcosh (a + bx_sz) dx — E feﬂ-l-bx—cxz dx + E fe—u—bx+cx2 dx

»2

1 ¥ (=b+2cx)? 1 ¥ _ (b-2cx)?
="k e & dy+-e"Tx | e x dx
2 2

¥ b2
_ea+5\/ﬁerf(b;f/;x) . e "% [rerfi (b;f/;x)
4nJc 4rJc

Mathematica [A] time = 0.0661749, size = 109, normalized size = 1.2

\/%(Eff(zgf/_zb) (Sinh (a + Z—i) + cosh (a + Z—i)) + Erfi (2;3_;) (cosh (u + Z—i) —sinh (a + Z—i)))
4

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x - c*x~2],x]

[Out] (Sqrt[Pi]*(Erfil[(-b + 2*c*x)/(2+Sqrt[c])]*(Cosh[a + b~2/(4%c)] - Sinh[a + b
~2/(4xc)]) + Erf[(-b + 2xc*x)/(2xSqrt[c])]*(Cosh[a + b~2/(4xc)] + Sinh[a +
b~2/(4%c)]1)))/ (4xSqrt[c])

Maple [A] time = 0.032, size = 79, normalized size = 0.9

\/E _4ac+b2 b 1 1 \/E 4ac+b? b1 1
Te 4 Frf \/—_CX+§\/—__C \/—__C—Te 4 Frf —\/EX'FE% %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(-c*x~2+b*x+a),x)

[Out] 1/4%Pi~(1/2)*exp(-1/4x(4*a*xc+b~2)/c)/(-c)~(1/2)*erf((-c)~(1/2)*x+1/2*xb/(-c)
~(1/2))-1/4*%Pi~ (1/2) *exp(1/4* (d*axc+b”2)/c)/c~(1/2) *erf (-c~(1/2)*x+1/2%b/c”
(1/2))

Maxima [B] time = 1.44319, size = 690, normalized size = 7.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a),x, algorithm="maxima"

[Out] -1/8x(sqrt(pi)*(2xcxx - b)*b*(erf (1/2*sqrt((2*c*x - b)~2/c)) - 1)/(sqrt((2x*
ckx - b)72/c)*(-c)"(3/2)) - 2*cxe” (-1/4x(2*cxx - b)72/c)/(-c)™(3/2)) *b*e” (a

+ 1/4*%b72/c)/sqrt(-c) - 1/8x(sqrt(pi)*(2xc*x - b)*b~2x(erf (1/2*sqrt ((2*xc*x

- b)72/c)) - 1)/(sqrt((2xc*x - b)~2/c)*(-c)~(5/2)) - 4xbxcke” (-1/4x(2%c*x

- b)72/c)/(-c)~(5/2) - 4*x(2*xc*x - b) " 3*gamma(3/2, 1/4*x(2xc*x - b)~2/c)/(((2

xc*xx - b)72/c)”(3/2)*x(~c)~(5/2)))*c*xe”(a + 1/4xb~2/c)/sqrt(-c) + 1/8*(sqrt(
pi)*(2*cxx - b)*b*(erf (1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*cxx - b)~
2/c)*c”(3/2)) + 2*xe”(1/4%(2*c*x - b)~2/c)/sqrt(c))*b*xe”(-a - 1/4xb~2/c)/sqr
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t(c) - 1/8*(sqrt(pi)*(2*c*x - b)*b~2x(erf (1/2*sqrt(-(2xcxx - b)"2/c)) - 1)/
(sqrt(-(2%c*x - b)72/c)*c”(5/2)) + 4xbxe” (1/4*(2%c*x - b)~2/c)/c~(3/2) - 4x
(2%c*x - b) "3xgamma(3/2, -1/4x(2xc*x - b)~2/c)/((-(2xc*x - b)~2/c)~(3/2)*c”
(6/2)))*sqrt(c)*e”~(-a - 1/4*%b~2/c) + x*cosh(c*x™2 - b*x - a)

Fricas [A] time = 2.08944, size = 297, normalized size = 3.26

b2+4ac . b2+4ac (2 cx=b)\—c b2+4ac
_\/E\/—_c(cosh ( o ) — sinh (T)) erf(T) - \/E\/E(cosh( o

4c

. b2+4ac 2cx—-b
)—f-smh( c ))erf( v )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x"2+b*x+a),x, algorithm="fricas")

[Out] -1/4x(sqrt(pi)*sqrt(-c)*(cosh(1/4*(b~2 + 4*axc)/c) - sinh(1/4*(b~2 + 4xax*c)
/c))xerf (1/2%(2*cxx - b)*sqrt(-c)/c) - sqrt(pi)*sqrt(c)*(cosh(1/4*(b~2 + 4x
axc)/c) + sinh(1/4*(b~2 + 4xaxc)/c))*erf (1/2x(2xcxx - b)/sqrt(c)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh (a +bx - cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x**2+b*x+a),x)

[Out] Integral(cosh(a + b*x - c*xx**2), x)

Giac [A] time = 1.2541, size = 109, normalized size = 1.2

Vrest (il A ) rent( 2o 0)) el
B 4+c - 4=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x"2+b*x+a),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*erf(-1/2*xsqrt(c)*(2*x - b/c))*e”(1/4%x(b~2 + 4*axc)/c)/sqrt(c)
- 1/4xsqrt(pi)*erf (-1/2xsqrt(-c)*(2*x - b/c))*e”~(-1/4x(b~2 + 4xa*c)/c)/sqr
t(-c)
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dx

39 f cosh(a+bx—cx2)

Optimal. Leaf size=18

X

cosh (a +bx — cxz)

Unintegrable [ ” , X

[Out] Unintegrable[Cosh[a + b*x - c*x~2]/x, x]

Rubi [A] time = 0.0111384, antiderivative size = 0, normalized size of antiderivative =
. . f rul

0., number of steps used = 0, number of rules used = 0, integrand size = 0, M =
integrand size

0., Rules used = {}

dx

f cosh (u + bx — cxz)

X

Verification is Not applicable to the result.
[In] Int[Cosh[a + b*x - c*x~2]/x,x]

[Out] Defer[Int] [Cosh[a + b*x - c*x~2]/x, x]

Rubi steps

dx

X X

f cosh (a + bx — cxz) p f cosh (a + bx — cxz)
X =

Mathematica [A] time = 1.176, size = 0, normalized size = 0.

dx

cosh (a +bx - cxz)
J—=

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x - c*x~2]/x,x]

[Out] Integrate[Cosh[a + b*x - c*xx"2]/x, x]

Maple [A] time = 0.029, size = 0, normalized size = 0.

dx

f cosh (—cx2 +bx + a)

X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(-c*x~2+b*x+a)/x,x)

[Out] int(cosh(-c*x~2+b*x+a)/x,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (cx2 —bx - a)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x,x, algorithm="maxima")

[Out] integrate(cosh(c*x”2 - b*xx - a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 —bx - a)

X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(cosh(c*x™2 - b*x - a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

cosh (a +bx - cxz)
J—=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x**2+b*x+a)/x,x)

[Out] Integral(cosh(a + b*x - c*kx**2)/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (—cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(cosh(-c*x"2 + b*x + a)/x, x)
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— dx

x2 X

310 f cosh(a+bx—cx2) b sinh(a+bx—cx2)

Optimal. Leaf size=108

b-2cx b-—2cx) COSh(a-Fbx-—cxz)
X

e e

[Out] -(Coshl[a + b*x - c*x~2]/x) + (Sqrtlcl*E~(a + b~2/(4*c))*Sqrt[Pi]l*Erf[(b - 2
xc*xx) /(2*%Sqrtc])])/2 - (Sqrtlcl*E~(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2%c*
x)/(2%Sqrt[c])]1)/2

1 ¥ 1 P
E\/E\/Ee‘HEErf( )_ N 4cErﬁ(

Rubi [A] time = 0.0891469, antiderivative size = 108, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 5, integrand size = 35, il

= 0.143, Rules used = {5391, 5374, 2234, 2205, 2204}

integrand size

b-2cx

2+/c

b— 2cx) cosh (11 + bx — cxz)

1 i (
- ce  «Erf
S Ve r e

1 ¥
)_ N rcErﬁ(

X

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x - c*x"2]/x"2 - (b*Sinh[a + b*x - c*xx72])/x,x]

[Out] -(Cosh[a + b*x - c*x72]/x) + (Sqrtlcl*E~(a + b~2/(4xc))*Sqrt[Pi]l*Erf[(b - 2
xcxx)/(2%Sqrt[c])])/2 - (Sqrtlc]*E~(-a - b~2/(4*c))*Sqrt[Pi]l*Erfi[(b - 2xc*
x)/(2%Sqrt[c])])/2

Rule 5391

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[((d + e*x)"(m + 1)*Coshl[a + b*x + c*x72])/(ex(m + 1)), x] + (
-Dist[(2%c)/(e”2%(m + 1)), Int[(d + exx)"(m + 2)*Sinh[a + b*x + c*x~2], x],
x] - Dist[(b*e - 2%cxd)/(e”2x(m + 1)), Int[(d + e*x) " (m + 1)*Sinh[a + b*x
+ c*x~2], x], x]) /; FreeQl{a, b, c, d, e}, x] & LtQ[m, -1] && NeQ[bxe - 2
xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]l), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Log[F], 2]1)/(2*d*Rt[bxLogl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

dx

x2 X X X2

f[cosh(a+bx—cx2) bsinh(a+bx—cx2)]d [bfsinh(a+bx—cx2)d] fcosh(a+bx—cx2)
X = - x|+

cosh (a +bx — cxz)

- - (20) f sinh (a + bx - sz) dx
X
2
_ _COSh (a +bx —cx ) . fe‘”bx_cxz dx 4 c fe—u—bx+cx2 dx
X

cosh (u + bx — cxz) P (br2c)? P
=- +|ce " 4 fe 4 dx—|ce 4 f
x

b- Zcx) 1

e ) 2

2

cosh (a + bx

__ ~of) 1 N 4cx/_er(

X

Mathematica [A] time = 9.15112, size = 136, normalized size = 1.26

3 (vt (% {b) i o+ Z_z) cosha+ _)) NGRS {b) [cos o+ Z_Z) -sinh{a+ Z_Z)) -

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x - c*x"2]/x72 - (b*Sinh[a + b*x - c*x72])/x,x]

[Out] ((-2%Cosh[a + x*(b - c*x)])/x + Sqrtlcl*Sqrt[Pi]*Erfi[(-b + 2xc*x)/(2*Sqrt[
c])1*(Coshl[a + b"2/(4xc)] - Sinh[a + b72/(4xc)]) - Sqrtlcl*Sqrt[Pil*Erf[(-b
+ 2*cxx)/(2xSqrt[c])]*(Coshla + b™2/(4*c)] + Sinh[a + b72/(4%c)]))/2

Maple [F] time = 0.111, size = 0, normalized size = 0.

dx

f cosh (—cx2 +bx + a) bsinh (—cx2 +bx + a)

x2 X
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(-c*xx~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x)

[Out] int(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

+ dx
X x2

f bsinh (cx2 —bx - u) cosh (cx2 —bx - a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="maxim
all)
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[Out] integrate(bxsinh(c*x"2 - b*x - a)/x + cosh(c*x™2 - b*x - a)/x”"2, x)

Fricas [B] time = 2.09882, size = 861, normalized size = 7.97

? +4a 2 +4ac . 2 c .
ﬁ(xcosh (cx2 - bx - a) cosh (b iﬂc) — x cosh (cx2 - bx - u) sinh (b Zi C) + (xcosh (b i ) — xsinh (b ﬁ” )) sin

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="frica
Sll)

[Out] -1/2%(sqrt(pi)*(x*cosh(c*x”2 - b*x - a)*cosh(1/4*(b"2 + 4xax*c)/c) - x*cosh(
c*x”2 - bxx - a)*sinh(1/4%(b~2 + 4*axc)/c) + (x*cosh(1/4*x(b~2 + 4xax*c)/c) -
xxsinh(1/4%(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x - a))*sqrt(-c)*erf (1/2*x(2*xc*
X - b)*sqrt(-c)/c) + sqrt(pi)*(x*cosh(c*x™2 - b*x - a)*cosh(1/4x(b"2 + 4xax
c)/c) + xxcosh(c*x™2 - b*x - a)*sinh(1/4*%(b”"2 + 4xaxc)/c) + (xxcosh(1/4x*(b~
2 + 4xaxc)/c) + x*xsinh(1/4x(b~2 + 4x*axc)/c))*sinh(c*x”2 - b*x - a))*sqrt(c)
xerf (1/2*%(2*cxx - b)/sqrt(c)) + cosh(c*x™2 - bxx - a)”2 + 2xcosh(c*xx™2 - bx
X — a)*sinh(c*x"2 - bxx - a) + sinh(c*x”™2 - b*x - a)”2 + 1)/(x*cosh(c*x™2 -
b*x - a) + x*sinh(c*x"2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

X

_f_cosh(a +2bx—cx2) dx_fbsinh(u +bx—cx2) ;
x x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x**2+b*x+a)/x**2-b*sinh (-c*x**2+b*x+a)/x,x)

[Out] -Integral(-cosh(a + b*x - c*x**2)/x**2, x) - Integral(b*sinh(a + b*x - ckxx
*2)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

+

bsinh (—cx2 +bx + a) cosh (—cx2 +bx + a)
f - X x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)/x"2-b*sinh(-c*x~2+b*x+a)/x,x, algorithm="giac"

)

[Out] integrate(-bxsinh(-c*x~2 + b*x + a)/x + cosh(-c*x"2 + b*x + a)/x"2, x)
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1
3.11 fxz cosh (Z +x+ xz) dx
Optimal. Leaf size=66
3 Lioeop)- L L Dinh (2 exs 2 - Yainn (a2 4 x4 1
16\/EErf(2( 2x 1)) 16ﬁErﬁ(2(2x+1))+2x81nh(x +x+4) 4smh(x +x+4)

[Out] (-3*Sqrt[Pil*Erf[(-1 - 2%x)/2])/16 - (Sqrt[Pil*Erfi[(1 + 2%x)/2])/16 - Sinh
[1/4 + x + x72]/4 + (x*Sinh[1/4 + x + x72])/2

Rubi [A] time = 0.057029, antiderivative size = 66, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 7, integrand size = 13, number of rules

= 0.538, Rules used = {56387, 5374, 2234, 2204, 2205, 5383, 5375}

integrand size

3 1 1 1 1 ., 1 1. .(, 1
16\/EErf(2( 2x 1)) 16\/%Erﬁ(2(2x+1))+2xsmh(x +x+4) 4smh(x +x+4)

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[1/4 + x + x~2],x]

[Out] (-3*Sqrt[Pil*Erf[(-1 - 2%x)/2])/16 - (Sqrt[Pi]*Erfi[(1 + 2*x)/2])/16 - Sinh
[1/4 + x + x72]/4 + (x*Sinh[1/4 + x + x72])/2

Rule 5387

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*x)~(m - 1)*Sinh[a + b*x + c*x72])/(2xc), x] + (-Dis
t{(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x], x]

- Dist[(b*e - 2%c*d)/(2*c), Int[(d + exx) " (m - 1)*Coshl[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[bxe - 2%cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)"((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2xc*x)~2/(4xc)), x]1, x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2xd*Rt[-(b*LoglFl), 2]1), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(exSinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

1 1 1 1 1 1 1
fxzcosh(1+x+x2) dx:Exsinh(1+x+x2)—§fxcosh(1+x+x2) dx—zfsinh(1+x+x2) dx
1 1 1 N 1 1 1
= +x+x2|+ Zxsinh|= 4+ x + x2 +—fe 1 xxzdx——fe4+x+x2dx+—j
2 4 4 4 4

1 1 1 1 1 R 1 1 1
= ——ginh|= +x+x2| + =xsinh | = + x + 12 +—fe 1 xx2dx+—fe4+x+x2dx+—j
4 4 2 4 8 8 4

1 1 1 1 1 1 1 1
= —gx/ﬁerf(i(—l - 2x)) - g\/Eerﬁ (E(l + 2x)) ~ 1 sinh (4_1 +x+ xz) + Exsinh (4_1 + x4

1 1 1 1 1 1 1
= —%\/Eerf(i(—l - 2x)) - 1—6\/Eerﬁ (E(l + 2x)) ~ 1 sinh (4_1 +x+ xz) + Ex sinh (Z +

Mathematica [A] time = 0.158734, size = 72, normalized size = 1.09

11_6 [3\/%Erf (x N %) _ s (x N %) N 2(2x - 1) ((1 + \/E) sinh(x(x 4\;/})) + (\/E -~ 1) cosh(x(x + 1)))]
e

Antiderivative was successfully verified.
[In] Integrate[x~2*Cosh[1/4 + x + x72],x]

[Out] (3%Sqrt[Pil*Erf[1/2 + x] - Sqrt[Pil*Erfi[1/2 + x] + (2x(-1 + 2*xx)*((-1 + Sq
rt[E])*Cosh[x*(1 + x)] + (1 + Sqrt[E])*Sinh[x*(1 + x)]))/E~(1/4))/16

Maple [C] time = 0.033, size = 75, normalized size = 1.1

x _ae2x? 1 a2 3 1 x 29?1 a2 i
—2¢ 4 +§e ¢ 4 fErf(§+x)+Ze 4 -3¢ 4 +1—6\/EErf(ix+§)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(1/4+x+x"2),x)

[Out] -1/4*x*exp(-1/4*(1+2%x)~2)+1/8*exp(-1/4*(1+2xx) ~2)+3/16%erf (1/2+x)*Pi~(1/2)
+1/4xx*xexp (1/4% (1+2%x) "2) -1/8*exp (1/4* (1+2%x) "2)+1/16%I*Pi~ (1/2) *xerf (I*x+1/
2%I)
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Maxima [B] time = 1.437006, size = 247, normalized size = 3.74

1 (2 1) (2x+1)51“(;,i(2x+1)2) (2x+1)5r(§,—i (2x+1)2) (2x+1)31“(§,i(2x+1)2)
—x°cosh|x*+x+ |- + -
3 4

5 5 3 +
6((2x +1)%)? 6 (-(2x+1)%)* 8((2x +1)%)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(1/4+x+x72),x, algorithm="maxima")

[Out] 1/3*x73*cosh(x™2 + x + 1/4) - 1/6%(2*x + 1) Bkxgamma(5/2, 1/4x(2xx + 1)72)/(
(2%x + 1)72)7(5/2) + 1/6%(2*x + 1) bxgamma(5/2, -1/4x(2xx + 1)72)/(-(2*x +
1)72)7(5/2) - 1/8%(2*x + 1)"3*gamma(3/2, 1/4%x(2*x + 1)72)/((2xx + 1)72)~(3/
2) + 1/8%(2*x + 1)73xgamma(3/2, -1/4x(2xx + 1)72)/(-(2*x + 1)72)7(3/2) + 1/
48xe” (1/4%(2xx + 1)72) + 1/48%e”(-1/4%(2%x + 1)72) + 1/4*gamma(2, 1/4*(2*x

+ 1)72) - 1/4xgamma(2, -1/4x(2xx + 1)72)

Fricas [A] time = 2.49481, size = 180, normalized size = 2.73

1

! (\/E(?) erf (x + %) — erfi (x + %))E(XZ“‘*Z) +20Qx- 1)6(

1
2x242 x+3

:) dx+ 2)e(‘x2"“}*)

16
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(1/4+x+x72),x, algorithm="fricas")

[Out] 1/16*(sqrt(pi)*(3*xerf(x + 1/2) - erfi(x + 1/2))*e”(x"2 + x + 1/4) + 2%(2*x
- D*e”(2%x72 + 2xx + 1/2) - 4xx + 2)*e”(-x72 - x - 1/4)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fo(:osh(x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(1/4+x+x**2) ,x)

[Out] Integral (x**2*cosh(x**2 + x + 1/4), x)

Giac [C] time = 1.21813, size = 72, normalized size = 1.09
1 2,41 1 2L 3 1 1 1
g 2x _1)€(x ) 5 (2x—1)e( i) LT \/Eerf(x + 5) - Riﬁerf(—ix - Ei)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*cosh(1/4+x+x72),x, algorithm="giac")

[Out] 1/8*(2*x - 1)*e”(x72 + x + 1/4) - 1/8%(2%x - 1)*xe”(-x"2 - x - 1/4) + 3/16%s
qrt(pi)*erf(x + 1/2) - 1/16%I*sqrt(pi)*erf(-I*x - 1/2xI)
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1
3.12 | xcosh (Z +x+ xz) dx
Optimal. Leaf size=52
1 1 1 1 1., 1
g\/%Erf(E(—Zx - 1)) - g\/%Erﬁ (5(23( + 1)) + 5 sinh (x +x+ 1)

[Out] (Sqrt[Pi]l*Erf[(-1 - 2*x)/2])/8 - (Sqrt[Pi]l*Erfi[(1 + 2%x)/2])/8 + Sinh[1/4
+x + x72]/2

Rubi [A] time = 0.025401, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 11, e O e =

integrand size
0.454, Rules used = {56383, 5375, 2234, 2204, 2205}
1 1 1 1 1 1
Z Z(=2y — i Z Zgj 2 Z
8\/71Erf(2( 2x 1)) 8\/71Erﬁ(2(2x+1)) + 2smh(x +x+ 4)

Antiderivative was successfully verified.

[In] Int[x*Cosh[1/4 + x + x~2],x]

[Out] (Sqrt[Pil*Erf[(-1 - 2%x)/2]1)/8 - (Sqrt[Pil*Erfi[(1 + 2%x)/2])/8 + Sinh[1/4
+ x + x72]/2

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]*((d_.) + (e_.)*x(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xc*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2xc*xx)"2/(4*xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]1])/(2xd*Rt[bxLoglF], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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1 1 1 1 1
fxcosh(1+x+x2) dxzisinh Z+x+x2)—§fcosh(1 +x+x2) dx
1 1 1 1 1 1
= Esinh Z+x+x2)—1fe i xzdx—zlfe4+x+x2dx
= 1sinh 1+x+x2 —lfe_}l(_l_zx)Z clx—lfei(lﬂx)2 dx
2 4 4 4
1 1 1 1 1 1
_ 2 L4 1 1 RPN 2
= 8\/Eerf(z( 1 2x)) 8\/%erﬁ(2(1 +2x)) + 2smh(4 +x+x )

Mathematica [A] time = 0.0737857, size = 76, normalized size = 1.46

—e\/nExf (x + %) — /ey/rErfi (x + %) +2 (1 + \/E) sinh(x(x +1)) + 2 (\/E - 1) cosh(x(x + 1))
8ve

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[1/4 + x + x72],x]

[Out] (2x(-1 + Sqrt[E])*Cosh[x*x(1 + x)] - E~(1/4)*Sqrt[Pil*Erf[1/2 + x] - E~(1/4)
*xSqrt [Pi]*Erfi[1/2 + x] + 2%x(1 + Sqrt[E])*Sinh[x*(1 + x)])/(8*E~(1/4))

Maple [C] time = 0.028, size = 49, normalized size = 0.9

1 _a29? 1 1 @2x? '
e —ﬂErf Z4x|+-e 3 +£x/§Erf ix ¥
4 8 2 4 8 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(1/4+x+x"2),x)

[Out] -1/4xexp(-1/4*(1+2%x)~2)-1/8*erf (1/2+x)*Pi~(1/2)+1/4*exp(1/4*(1+2%x)~2)+1/8
*I*¥Pi~ (1/2)*erf (I*x+1/2%I)

Maxima [B] time = 1.48487, size = 166, normalized size = 3.19

3r(3 1 2 3.3 1 2

L cosh(+x+ 1)+ ey F(E,Z(ZX-H) ) - 2 F(E,_Z Gr+d ) - le(}l(z"“)z) - le(_i(z’fﬂ}
2 4 2 N 16 16
4(@x+1)%)? 4 (-@x+17)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x72),x, algorithm="maxima")

[Out] 1/2%x72%cosh(x™2 + x + 1/4) + 1/4%(2%x + 1) 3*%gamma(3/2, 1/4x(2*x + 1)72)/(
(2xx + 1)72)7(3/2) - 1/4x(2xx + 1)73xgamma(3/2, -1/4*%(2*x + 1)72)/(-(2*x +
1)72)7(3/2) - 1/16%xe”(1/4x(2xx + 1)72) - 1/16%e”(-1/4%(2*x + 1)72) - 1/4*ga

mma (2, 1/4%(2*xx + 1)72) + 1/4xgamma(2, -1/4*%(2*xx + 1)72)
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Fricas [A] time = 2.51533, size = 155, normalized size = 2.98
1 2,041 2 1 2yl
—% (\E(erf(x + %) + erfi (x + E))e(x +x+4) - Ze(zx +2x+2) + Z)e( o 4)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x"2),x, algorithm="fricas")

[Out] -1/8*(sqrt(pi)*(erf(x + 1/2) + erfi(x + 1/2))*e”(x"2 + x + 1/4) - 2xe” (2*x~
2 + 2xx + 1/2) + 2)*e"(-x"2 - x - 1/4)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxcos.h(x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x**2),x)

[Out] Integral(x*cosh(x**2 + x + 1/4), x)

Giac [C] time = 1.25733, size = 58, normalized size = 1.12

1 1\ 1, 1) 1 (2eel) 1 (]
5 nerf(x+§)—§z nerf(—zx—§1)+zle —Ze

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x"2),x, algorithm="giac")

[Out] -1/8xsqrt(pi)*erf(x + 1/2) - 1/8%Ixsqrt(pi)*erf(-I*x - 1/2xI) + 1/4*e”(x72
+x + 1/4) - 1/4%xe"(-x"2 - x - 1/4)
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3.13 fcosh (}L +x+ xz) dx

Optimal. Leaf size=39
1 1 1 1
Z—L\/%Erﬁ (E(Zx + 1)) - Z\/%Erf(i(—zx - 1))

[Out] -(Sqrt[Pil*Erf[(-1 - 2*x)/2])/4 + (Sqrt[Pil*Erfil[(1 + 2*x)/2])/4

Rubi [A] time = 0.015898, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 9, e -

integrand size
0.444, Rules used = {5375, 2234, 2204, 2205}
1 1 1 1
Z\/EErﬁ (E(Zx + 1)) - Z\/%Erf(i(—zx - 1))

Antiderivative was successfully verified.

[In] Int[Cosh[1/4 + x + x~2],x]
[Out] -(Sqrt[Pil*Erf[(-1 - 2*x)/2])/4 + (Sqrt[Pil*Erfil[(1 + 2*x)/2])/4

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)"2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1 1, 1,1
fcosh(1+x+x2) dx:ife 1 xx2dx+§fe4+x+x2dx

1 10w 1 1 2
:Efe 10172 dx+§fe4(1+2x) dx

= —leﬁerf(%(—l - 2x)) + }L\/%erﬁ (%(l + 2x))
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Mathematica [A] time = 0.0230148, size = 22, normalized size = 0.56

1 1 1
A—L\/E(Erf(x + E) + Erfi (x + E))
Antiderivative was successfully verified.
[In] Integrate[Cosh[1/4 + x + x72],x]

[Out] (Sqrt[Pil*(Erf([1/2 + x] + Erfi[1/2 + x]))/4

Maple [C] time = 0.027, size = 25, normalized size = 0.6

NS i o
TErf §+x —Z\/EErf zx+§

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(1/4+x+x"2),x)

[Out] 1/4xerf(1/2+x)*Pi~(1/2)-1/4%IxPi~(1/2)*erf (Ixx+1/2%I)

Maxima [B] time = 1.39304, size = 127, normalized size = 3.26

1 (%(2x+1)2) .\ 1 e(—§(2x+1)2)

Qx+ 1)3r(§, 1Qx+ 1)2) Q2 x +1)3r(§,—i Qx+ 1)2) ,
- +xcosh(x2+x+1)+ze 1

3 + 3
2(@x+1)%)? 2 (-@x+1)%)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x72),x, algorithm="maxima"

[Out] -1/2%(2*x + 1)73xgamma(3/2, 1/4*x(2xx + 1)72)/((2xx + 1)72)7(3/2) + 1/2*%(2x*x
+ 1)73*%gamma(3/2, -1/4%x(2xx + 1)72)/(-(2%x + 1)72)7(3/2) + x*cosh(x™2 + x
+ 1/4) + 1/4xe”(1/4%(2xx + 1)72) + 1/4xe”(-1/4x(2%x + 1)72)

Fricas [A] time = 2.48161, size = 61, normalized size = 1.56

1 1 1

1 \/%(erf(x + E) + erfi (x + E))
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(1/4+x+x~2),x, algorithm="fricas")

[Out] 1/4*sqrt(pi)*(erf(x + 1/2) + erfi(x + 1/2))
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
fcosh (x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x**2) ,x)

[Out] Integral(cosh(x**2 + x + 1/4), x)

Giac [C] time = 1.23348, size = 28, normalized size = 0.72

1 1 1. . 1,

2 \/Eerf(x+ 5) + sz/ﬁerf(—zx— EZ)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(1/4+x+x7~2),x, algorithm="giac")

[Out] 1/4*sqrt(pi)*erf(x + 1/2) + 1/4%I*sqrt(pi)*erf(-Ixx - 1/2%I)
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Cosh(l+x+x2)
d

4
314 | X
X
Optimal. Leaf size=15
cosh (x2 +x+ }L)
Unintegrable , X

X

[Out] Unintegrable[Cosh[1/4 + x + x~2]/x, x]

Rubi [A] time = 0.0101773, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}

1
cosh (Z +x+ xz)

J—=

Verification is Not applicable to the result.

dx

[In] Int[Cosh[1/4 + x + x~2]/x,x]

[Out] Defer[Int][Cosh[1/4 + x + x~2]/x, x]

Rubi steps

cosh (l +x+ xz)
4
dx

X

Cosh(1 +x+x2)
1
/ ax= |

X

Mathematica [A] time = 7.30575, size = 0, normalized size = 0.

cosh (1 +x+ xz)
4

f dx

x

Verification is Not applicable to the result.

[In] Integrate[Cosh[1/4 + x + x72]/x,x]

[Out] Integrate[Cosh[1/4 + x + x72]/x, x]

Maple [A] time = 0.026, size = 0, normalized size = 0.

1 1
f—cosh(—+x+x2)dx
X 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(1/4+x+x"2)/x,x)
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[Out] int(cosh(1/4+x+x"2)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ —)

f 4dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x~2)/x,x, algorithm="maxima")

[Out] integrate(cosh(x"2 + x + 1/4)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ Z)

integral X
& X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x~2)/x,x, algorithm="fricas")

[Out] integral(cosh(x”2 + x + 1/4)/x, %)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ —)

f 4dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x**2)/x,x)

[Out] Integral(cosh(x**2 + x + 1/4)/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ —)

f 4dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x~2)/x,x, algorithm="giac")

[Out] integrate(cosh(x"2 + x + 1/4)/x, x)
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COSh( 4+x+x2)
d

315 | X

Optimal. Leaf size=68

xz

. 1 1
sinh (x2 +x+ Z) cosh (xz +x+ Z)

1 1 1 1
Unintegrable x|+ =AmErf[=(-2x - 1) | + =/rEfi| =(2x + 1) | -
X 2 2 2 2 X

[Out] -(Cosh[1/4 + x + x72]/x) + (Sqrt[Pil*Erf[(-1 - 2%*x)/2])/2 + (Sqrt[Pi]*Erfil
(1 + 2xx)/2])/2 + Unintegrable[Sinh[1/4 + x + x72]/x, x]

Rubi [A] time = 0.0401572, antiderivative size = 0, normalized size of antiderivative

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, il L

0., Rules used = {}

integrand size

1
cosh (— +x+ xz)

4
f =2 dx

Verification is Not applicable to the result.

[In] Int[Cosh[1/4 + x + x~2]/x72,x]

[Out] -(Cosh[1/4 + x + x72]/x) + (Sqrt[Pil*Erf[(-1 - 2*x)/2])/2 + (Sqrt[Pil*Erfil
(1 + 2%x)/2]1)/2 + Defer[Int][Sinh[1/4 + x + x~2]/x, x]

Rubi steps
cosh( +x+x) cosh %‘+x+x2 sinh(i+x+x2)
f 5 dx = — +2fsmh( +x+x)dx+f dx
X x
cosh i+x+x2 sinh(1+x+x2)

dx

f —X—. x dx + f +x+x dx + f 4
X
sinh (l +x+ xz)

f 11202 dx + fe‘ll(lﬂx)z dx+f ! dx
x

. 1
sinh (Z +x+ xz)

+Xx+Xx

1
= - i + \/—erf( (-1- 2x)) + %\/Eerﬁ (%(l + 2x)) + f

)
)
)
) 1

X

Mathematica [A] time = 9.45823, size = 0, normalized size = 0.

1
cosh (— +x+ xz)

4
f x?2 ax

Verification is Not applicable to the result.

[In] Integratel[Cosh[1/4 + x + x72]/x72,x]

[Out] Integrate[Cosh[1/4 + x + x72]/x72, x]



Maple [A] time = 0.036, size = 0, normalized size = 0.

1 1
f;COSh(Z +x+x2)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(1/4+x+x"2)/x"2,x)

[Out] int(cosh(1/4+x+x"2)/x"2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ —)

f 2 : dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x72)/x"2,x, algorithm="maxima"

[Out] integrate(cosh(x"2 + x + 1/4)/x72, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ Z)

integral ,X

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x~2)/x"2,x, algorithm="fricas")

[Out] integral(cosh(x"2 + x + 1/4)/x72, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
cosh (x2 +x+ —)

f 2 : dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1l/4+x+x**2)/x**2 %)

[Out] Integral(cosh(x**2 + x + 1/4)/x**2, x)




Giac [A] time = 0., size = 0, normalized size = 0.

1
cosh (xz +x+ —)

f =2 : dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x72)/x"2,x, algorithm="giac")

[Out] integrate(cosh(x"2 + x + 1/4)/x72, x)

64
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3.16 fxz cosh? (a + bx + cxz) dx

Optimal. Leaf size=268

\/:ez zaE f(b+2cx) \/7172625 2aE f(b+20x) \/geza (b+2cx) \/7172 20— 2CE ﬁ(b+ZCX) bsinh (2a+21

32¢3/2 32¢5/2 32¢3/2 3252 16¢2

[Out] x73/6 + (b"2*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrt[
c]1)1)/(32xc™(5/2)) + (E~(-2*a + b~2/(2%c))*Sqrt[Pi/2]*Erf [(b + 2*c*x)/(Sqrt
[21%Sqrt[c])]1)/(32%c~(3/2)) + (b"2+E~(2%a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b +

2*c*x) /(Sqrt [21*Sqrt [c])]1)/(32xc~(5/2)) - (E~(2%a - b~2/(2*c))*Sqrt[Pi/2]*
Erfil[(b + 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) - (bxSinh[2*a + 2*b*x + 2
*xc*xx"2])/(16%c™2) + (x*#Sinh[2%a + 2*bxx + 2xc*x~2])/(8%c)

Rubi [A] time = 0.235061, antiderivative size = 268, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 8, integrand size = 17, number of rules

= 0.471, Rules used = {56395, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

b2 b2
n —-2a b+2cx —2a b+2cx T 20—— b+2cx 2 b+2cx
Jaem 2t (2 ) \szez Exf (27 ) e T (2 ) NE vE if (4 C) bsinh (2a+2

32c3/2 32c5/2 32c3/2 32¢5/2 16c2

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*x + c*x~2]"2,x]

[Out] x73/6 + (b"2*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf[(b + 2*cx*x)/(Sqrt[2]*Sqrt[
c1)1)/(32%c~(5/2)) + (E~(-2*a + b~2/(2%c))*Sqrt[Pi/2]*Erf[(b + 2*c*x)/(Sqrt
[21*Sqrt [c]1)]1)/(32%c~(3/2)) + (b™2*E~(2*a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b +
2xc*x) / (Sqrt [2]1*Sqrt [c])]1)/(32%c™(5/2)) - (E~(2*a - b72/(2%c))*Sqrt [Pi/2]*
Erfi[(b + 2x%c*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) - (b*Sinh[2*a + 2xb*x + 2
xcxx72])/(16%xc™2) + (x*Sinh[2%a + 2%b*x + 2%c*x~2])/(8%c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]7(n_)*((d_.) + (e_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2*c), x] + (-Dis
t{(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x], x]

- Dist[(b*e - 2*c*d)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*cx*d, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234



66

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]])/(2xd*Rt[bxLoglF], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

2 1
fxz cosh® (a + bx + cxz) dx = f(% + Exz cosh (2{1 + 2bx + 2cx2)) dx

3

= % + % fo cosh (Za +2bx + 2cx2) dx

x3 .\ xsinh (Za + 2bx + 2cx2) f sinh (Za + 2bx + 2cx2) dx b f x cosh (Za + 2bx 4

6 8¢ 8c 4c

3  bsinh (Za + 2bx + 2cx2) xsinh (Za + 2bx + 2cx2) b? f cosh (2a + 2bx + 2cx
6 16¢2 " 8¢ " 8¢2

3 bsinh (2a +2bx + 2cx2) xsinh (Za +2bx + 2cx2) b? f ~20-2bx=2c% g 2 |
6 16¢2 " 8¢ " 16¢2 T

bz
2ﬂ+—\/7 (b+2 ) \/76 fi (bj—z\/—) bsinh (Za + 2bx + 2cx2) X $in

6 32¢3/2 32¢3/2 16c2

=—+

B b26—2a+z—c\/§erf(b+2cx) 2a+—\/7 (b+2cx) b2 20— \/76 ﬁ(
+

b+2cx

V2ye

+

) 24-
e

6 32572 32312 32¢5/2

Mathematica [A] time = 0.744409, size = 176, normalized size = 0.66

2

3\/2_7'((b2+c)E f(b Zcx)( cos h(ZQ—%)—sinh( a——))+3\/2_n( —c)E ﬁ(b+2cx)( i h(Za—ﬁ)+cosh(2a—E

VEve G

192¢5/2

Antiderivative was successfully verified.



67
[In] Integrate[x~2*Cosh[a + b*x + c*x72]72,x]

[Out] (3%(b"2 + c)*Sqrt[2*Pi]*Erf[(b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b~2/
(2%c)] - Sinh[2*a - b™2/(2xc)]) + 3*x(b"2 - c)*Sqrt[2+Pi]*Erfil[(b + 2%c*x)/(

Sqrt [2]*Sqrt[c])]*(Cosh[2*xa - b~2/(2*c)] + Sinh[2*a - b~2/(2*c)]) + 4xSqrt[
c]*(8xc™2+x73 - 3*x(b - 2xc*x)*Sinh[2*%(a + x*x(b + c*x))]))/(192*c~(5/2))

Maple [A] time = 0.065, size = 281, normalized size = 1.1

+
6 16¢ 322 \e

3 —2cx2-2bx-2a —2cx2-2bx-2a 2 4 ac— 52 4ac- h2
0 w2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(c*x~2+b*x+a)”~2,x)

[Out] 1/6%x73-1/16/c*x*exp(-2*c*x~2-2xb*x-2%a)+1/32%b/c ™ 2xexp (-2*c*x~2-2*b*x-2%a)
+1/64*%b~2/c”(5/2) %P1~ (1/2) *exp (-1/2% (d*a*xc-b~2) /c)*2~ (1/2) *xerf (27 (1/2)*xc~ (1
/2)*x+1/2%b*27(1/2) /c~(1/2))+1/64/c” (3/2) %P1~ (1/2) *exp(-1/2* (4*a*xc-b~2) /c) *
27(1/2)xerf (27 (1/2) *c™ (1/2) *x+1/2xb*27(1/2) /c~(1/2) ) +1/16/cxx*exp (2*cxx~2+2
xb*x+2%a) -1/32%b/c”2%exp (2*xc*x~2+2*b*x+2%a) -1/32*%b~2/c”2xP1i~ (1/2) *exp (1/2*(
4xaxc-b~2)/c)/(-2%c) ~(1/2) *erf (-(-2%c) " (1/2) *x+b/ (-2*c) ~(1/2))+1/32/c*Pi~ (1
/2)*exp(1/2% (4xaxc-b"2) /c)/(-2xc) " (1/2) xerf (- (-2%c) ~(1/2) *x+b/ (-2%c) ~(1/2))

Maxima [A] time = 1.31901, size = 397, normalized size = 1.48

2
2 cx+b)b2 ,/ \- (2””’) [ZC"*b)] 3.(3  Qex+h)? 2
\/_ V(2 cx+b) [erf[ 2\/_}] 2c 2 (2cx+b)°T 35— (Za—b—
- 4
5

) V2 cx+b)b2[er([\/g\/Z
2c \/E -
) @ cxc-f—b) o2 (_ @ Cx:b)z ) Cg [ 2 cxc+b) (_C)—:

3
6

64 /c

3 3
c2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/6%x73 + 1/64x*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b~ 2% (erf (sqrt(1/2)*sqrt (- (2*cx*
X + b)72/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c”(5/2)) - 2xsqrt(2)*bxe” (1/2% (2%

cxx + b)72/c)/c™(3/2) - 2*%(2*c*x + b) " 3xgamma(3/2, -1/2%(2xc*x + b)~2/c)/((
—(2xc*x + b)"2/c)”(3/2)*c”(5/2)))*e”(2%a - 1/2xb"2/c)/sqrt(c) - 1/64*sqrt(2
)*(sqrt(pi)*(2xc*x + b)*b"2% (erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sqr
t((2%c*xx + b)72/c)*(-c)~(5/2)) + 2xsqrt(2)*bxc*e” (-1/2x(2*c*x + b)~2/c)/(-c
)"(5/2) - 2%(2%cxx + b) " 3*gamma(3/2, 1/2*%(2xc*x + b)~2/c)/(((2xc*x + b)~2/c

)7 (3/2)*%(-c)~(5/2)))*e~(-2%a + 1/2xb”2/c)/sqrt(-c)

Fricas [B] time = 2.17995, size = 1904, normalized size = 7.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*cosh(c*x~2+b*x+a) 2,x, algorithm="fricas")

[Out] 1/192*%(32*c”~3*x"3*cosh(c*x™2 + b*x + a)”2 + 6x(2*xc™2xx - b*c)*cosh(c*x™2 +
b*x + a)~4 + 24%(2%c”2%x - b*c)*cosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a)
73 + 6%(2%c”2*%x - bxc)*sinh(c*x”2 + bxx + a)~4 - 3*sqrt(2)*sqrt(pi)*((b~2 -
c)*cosh(c*x™2 + b*x + a)~2xcosh(-1/2%(b~2 - 4*ax*c)/c) + (b"2 - c)*cosh(c*x
"2 + b*x + a) 2xsinh(-1/2x(b”"2 - 4x*axc)/c) + ((b72 - c)*cosh(-1/2*(b"2 - 4%
axc)/c) + (b”2 - c)*sinh(-1/2%(b"2 - 4*a*xc)/c))*sinh(c*x"2 + b*x + a)”2 + 2
*((b™2 - c)*cosh(c*x™2 + bxx + a)*cosh(-1/2*x(b”"2 - 4*xaxc)/c) + (b™2 - c)*co
sh(c*x™2 + b*x + a)*sinh(-1/2%(b~2 - 4*a*c)/c))*sinh(c*x"2 + b*x + a))*sqrt
(-c)xerf (1/2*sqrt(2)*(2*cxx + b)*sqrt(-c)/c) + 3*sqrt(2)*sqrt(pi)*((b"2 + ¢
Yxcosh(c*x™2 + b*x + a) " 2*cosh(-1/2x(b"2 - 4xax*c)/c) - (b™2 + c)*cosh(c*x™2
+ b*x + a) 2xsinh(-1/2%(b"2 - 4x*ax*xc)/c) + ((b"2 + c)*cosh(-1/2*(b"2 - 4x*ax
c)/c) = (72 + c)*sinh(-1/2*(b"2 - 4*a*c)/c))*sinh(c*x”™2 + b*x + a)~2 + 2x*(
(b~2 + c)*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*a*xc)/c) - (b~2 + c)*cosh
(c*x72 + bxx + a)*sinh(-1/2*%(b"2 - 4*a*c)/c))*sinh(c*x~2 + bxx + a))*sqrt(c
)xerf (1/2xsqrt (2) *(2xc*x + b)/sqrt(c)) - 12*c™2*x + 4*(8*c™3xx”™3 + 9*(2xc™2
*x — b*c)*cosh(c*x™2 + bxx + a)”2)*sinh(c*x™2 + b*x + a)~2 + 6xb*c + 8*(8*c
~3*x73*cosh(c*x™2 + b*x + a) + 3*%(2%c”2*x - b*c)*cosh(c*x™2 + b*x + a) 3)*s
inh(c*x™2 + b*x + a))/(c"3*cosh(c*x™2 + b*x + a)”2 + 2*c~3*cosh(c*x™2 + b*x
+ a)*sinh(c*x”2 + b*x + a) + c”3*sinh(c*x™2 + b*x + a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.
f 22 cosh’ (a + bx + cx?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(c*x**2+b*x+a)**2,x)

[Out] Integral(x**2*cosh(a + b*x + c*x**2)*%*2, X)

Giac [A] time = 1.27672, size = 246, normalized size = 0.92

b2—4ac b2—4ac
\/Eﬁ(b2+c) erf(—% \/E\/E(Z x+§))e( 2¢ ) b o2 br—2a \/E\/E(bz—c) erf(—% \/E\/—_C(Z x+é))e( 2 )
1x3_ 7 +2(c(2x+;)—2b)e( )_ =

6 64 c? 64 ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(c*x~2+b*x+a) 2,x, algorithm="giac")

[Out] 1/6*x~3 - 1/64x(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2xsqrt(2)*sqrt(c)*(2*x +
b/c))*e”(1/2%(b”2 - 4xaxc)/c)/sqrt(c) + 2*(cx(2%x + b/c) - 2%b)*e” (-2xc*x"2

- 2%b*x - 2*a))/c”2 - 1/64x%(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2xsqrt(2)*sq
rt(-c)*(2*%x + b/c))*e”(-1/2x(b~2 - 4x*axc)/c)/sqrt(-c) - 2x(cx(2*x + b/c) -

2%b) xe” (2kcxx"2 + 2%b*x + 2%a))/c”2
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3.17 fxcosh2 (a + bx + cxz) dx

Optimal. Leaf size=136

-2 b+2cx 2 b+2cx
\/_beh' "Er f( ) ‘/_betz E ﬁ( C) sinh(Za—%be-rzch) $2
+

+ —_
16¢3/2 16¢3/2 8c 4

[Out] x72/4 - (b*E~(-2%a + b~2/(2*c))*Sqrt [Pi/2]*Erf [(b + 2x*c*x)/(Sqrt[2]*Sqrt[c]
)1)/(16%c™(3/2)) - (b*E~(2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt
[2]*Sqrt[c])])/(16%c~(3/2)) + Sinh[2*a + 2*b*x + 2xc*x~2]/(8*c)

Rubi [A] time = 0.0925022, antiderivative size = 136, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 6, integrand size = 15, e o e

= 0.4, Rules used = {5395, 5383, 5375, 2234, 2204, 2205}

b2
T, —-2 b+2cx 20— — b+2cx
\/;bezc ”Erf( ) \/7176 ! E ﬁ( ) sinh (2a +2bx + 2cx2) 2

+ —_
16¢3/2 16¢3/2 8c 4

integrand size

Antiderivative was successfully verified.

[In] Int[x*Coshl[a + b*x + c*x~2]72,x]

[Out] x72/4 - (b*E~(-2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2xc*x)/(Sqrt[2]*Sqrt[c]
)1)/(16%c~(3/2)) - (bxE~(2*a - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b + 2%*c*x)/(Sqrt
[2]*%Sqrt[c])])/(16%c~(3/2)) + Sinh[2*a + 2*b*x + 2xc*x~2]/(8*c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n )*((d_.) + (e_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[b*Logl[F], 2]1), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]
Rule 2205
Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr

t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 21]1)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl]

Rubi steps

1
fxcoshz (a +bx + cxz) dx = f (E + —x cosh (2a + 2bx + 2cx2)) dx
2 2

2

1
= xz *5 fxcosh (2a + 2bx + 2sz) dx
x2 sinh (Za +2bx + Zcxz) b f cosh (Za +2bx + 2cx2) dx
= — + -
4 8c 4c
x2 sinh (Za +2bx + 2cx2) b[ em2i-2bx=20x? gy i p2m+2bx+2ex? 1o
= 4 - —
4 8c 8c 8c
(@b+4cx)? Zoas? _ (-2b-4cx)?
x2 sinh (2a +2bx + 2cx2) (be ZC) f e & dx (be ZC) f e & dx
= — + —_
4 8c 8c 8c
b —2u+Z—2 [i8 £ b+2cx b 20— bz fi b+2cx
2 v ‘426 Vae € e Vaye) sinh (211 + 2bx + 2cx2)
== - - +
4 1632 16c3/ 2 8¢

Mathematica [A] time = 0.393129, size = 155, normalized size = 1.14

\/Z_NbErf(i;;\C/;) (sinh (Za - Z—Z) — cosh (2a - —)) \/_bE fi (li;r_i;ic) ( inh (Za - —2) + cosh (Za - —)) + 4\/— (smh(

32c%2
Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*x + c*x72]72,x]

[Out] (b*Sqrt[2*Pi]*Erf[(b + 2xc*x)/(Sqrt[2]*Sqrtlc])]*(-Cosh[2*xa - b~2/(2*c)] +
Sinh[2*a - b™2/(2xc)]) - b*Sqrt[2+Pi]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc])]*(
Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b72/(2*c)]) + 4*xSqrt[c]l*(2*c*x~2 + Sinh[

2x(a + x*x(b + c*x))]1))/(32%c~(3/2))

Maple [A] time = 0.049, size = 141, normalized size = 1.

2 —2cx2-2bx-2a 411c b2
r_e b\/—\/_ Erf [\/_ 2+/ex + by2 1

3 2o +2bx+2a b \/E Lac—b?
_E 2¢ Ef —\/—
1 Tec o + e r ( V-2cx+b

1
\/') 16c ' 16 NEY:

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(c*x~2+b*xx+a)”2,x)

[Out] 1/4%x72-1/16/c*exp(-2xc*x~2-2%b*x-2%a)-1/32%b/c~(3/2)*Pi~(1/2) *exp(-1/2* (4%
axc-b~2)/c)*27(1/2) xerf (27 (1/2) *c~(1/2) *x+1/2%b*2~(1/2) /c~(1/2) ) +1/16/c*exp
(2xc*x™2+2*%bxx+2%a)+1/16%b/c*Pi~(1/2) *exp (1/2* (4*a*xc-b~2) /c)/(-2*xc)~(1/2) *xe
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rf (- (-2%c) " (1/2) *x+b/ (-2%c) " (1/2))

Maxima [A] time = 1.26752, size = 270, normalized size = 1.99

_@ox+b)?

2c

|

ﬁ(zcx+b>b[erf{\/§\/—ﬂ]—1] ﬁ[(“gb)Z) ) ﬁ(Zcx+b)b[erf{\/§1/M]—l] ﬁ[
ﬁ _ e e 2¢ ﬁ + ce

_@exb) C% Ve @ cx+b)? (_C)g
1 c c

(=0)

3
2

e

324/c 324/-c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x”~2+b*x+a)”~2,x, algorithm="maxima")

[Out] 1/4*x72 - 1/32xsqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x

+ b)72/c)) - 1)/(sqrt(-(2xcxx + b)~2/c)*c”(3/2)) - sqrt(2)*e” (1/2%(2*c*x +
b)~2/c)/sqrt(c))*e”(2xa - 1/2*b"2/c)/sqrt(c) - 1/32*sqrt(2)*(sqrt(pi)*(2*c*
x + b)*bx(erf (sqrt(1/2)*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*
(=c)~(3/2)) + sqrt(2)*cxe”(-1/2%(2*c*xx + b)~2/c)/(-c)~(3/2))*e~(-2*%a + 1/2%
b~2/c)/sqrt(-c)

Fricas [B] time = 2.10261, size = 1650, normalized size = 12.13

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/32%(8*%xc”2%x"2*cosh(c*x™2 + b*x + a)~2 + 2*c*cosh(c*x™2 + b*x + a)~4 + 8x*c

xcosh(c*x™2 + b*x + a)*sinh(c*x™2 + bxx + a)”3 + 2xc*sinh(c*x"2 + b*x + a)”
4 + sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 + b*xx + a) 2xcosh(-1/2x(b~2 - 4x*a*c)/c)
+ b*cosh(c*x™2 + b*x + a) 2*sinh(-1/2*(b”"2 - 4*axc)/c) + (b*cosh(-1/2*x(b"2
- 4xaxc)/c) + bxsinh(-1/2x(b”"2 - 4*axc)/c))*sinh(c*x”2 + b*x + a)”2 + 2x(bx*
cosh(c*x™2 + b*x + a)*cosh(-1/2*(b"2 - 4xax*c)/c) + bxcosh(c*x™2 + b*x + a)*
sinh(-1/2% (b2 - 4*axc)/c))*sinh(c*x"2 + b*x + a))*sqrt(-c)*erf(1/2*xsqrt(2)
*x(2xc*x + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 + b*x + a) 2*cosh
(-1/2%(b"2 - 4*a*c)/c) - bxcosh(c*x"2 + b*x + a) 2*sinh(-1/2*x(b~2 - 4xaxc)/
c) + (b*cosh(-1/2*(b"2 - 4*a*xc)/c) - b*sinh(-1/2*(b"2 - 4*a*xc)/c))*sinh(c*x
"2 + b*x + a)”2 + 2*(b*cosh(c*x™2 + b*xx + a)*cosh(-1/2*%(b~2 - 4*a*c)/c) - b
*cosh(c*x™2 + b*x + a)*sinh(-1/2%(b”2 - 4*ax*xc)/c))*sinh(c*x™2 + bxx + a))*s
gqrt(c)*erf (1/2xsqrt(2) *(2%cxx + b)/sqrt(c)) + 4x(2xc”2*xx"2 + 3*c*kxcosh(c*xx™2
+ b*x + a)"2)*sinh(c*x™2 + b*x + a)”2 + 8x(2xc”2*x"2*cosh(c*x™2 + b*x + a)
+ c*cosh(c*x™2 + b*x + a) 3)*sinh(c*x”2 + b*xx + a) - 2*c)/(c"2*cosh(c*xx”2
+ b*x + a)72 + 2xc"2xcosh(c*x™2 + b*x + a)*sinh(c*x”2 + b*x + a) + c " 2*sinh
(c*x™2 + b*x + a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx cosh? (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.



72

[In] integrate(x*cosh(c*x**2+b*x+a)**2,x)

[Out] Integral(x*cosh(a + bxx + c*x**2)**2, X)

Giac [A] time = 1.27052, size = 192, normalized size = 1.41

b2—4ac -
V2+/rb erf(—% \/ﬁfE(Z x+§))e( 2 ) s e(_z c2-2bx-20) V2ymb erf(—% \/E‘/\iic(z x+2))e( 49 e(z cx2+2bx+2a)
32¢ * 32c

1
2

—x% +

1"

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] 1/4*x72 + 1/32x(sqrt(2)*sqrt(pi)*bxerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”
(1/2% ("2 - 4xaxc)/c)/sqrt(c) - 2xe” (-2xc*x"2 - 2xb*x - 2*a))/c + 1/32*(sqr

t(2) *sqrt (pi) *bxerf (-1/2*sqrt (2) *sqrt (-c)*(2*xx + b/c))*e” (-1/2*%(b"2 - 4xaxc
)/c)/sqrt(-c) + 2%e~(2*c*x"2 + 2xb*x + 2%a))/c
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3.18 f cosh? (a + bx + cxz) dx

Optimal. Leaf size=110

b2 b2

n —-2a b+2cx T 20— — b+2cx

\/;ez Erf(\/z\/z) ) \/;e 2 Erﬁ(\/i\/E) ) x
8+/c 8+/c 2

[Out] x/2 + (E7(-2%a + b72/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrtlcl)])/

(8xSqgrtlcl) + (E~(2%a - b~2/(2%xc))*Sqrt[Pi/2]*Erfi[(b + 2*cxx)/(Sqrt[2]*Sqr

t[c])1)/(8*Sqrtlcl)

Rubi [A] time = 0.0663257, antiderivative size = 110, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 5, integrand size = 13, e o e

= 0.385, Rules used = {5377, 5375, 2234, 2204, 2205}

b2 b2
T —-2a b+2cx T 20—— b+2cx
Jrer mt(2E) R ()
+ + =
W W 2

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x + c*x"2]72,x]

[Out] x/2 + (E"(-2%a + b72/(2xc))*Sqrt [Pi/2]*+Erf [(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/
(8%Sqrtlc]) + (E~(2%a - b~2/(2%xc))*Sqrt [Pi/2]*Erfi[(b + 2*cxx)/(Sqrt[2]*Sqr
t[c])1)/(8*Sqrtlcl)

Rule 5377

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x”2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cx*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(bxLoglF]l), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]
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Rubi steps

1 1
fcosh2 (a + bx + cx2) dx = f (5 + > cosh (211 + 2bx + 2cx2)) dx

x 1
B 2
_§+§fcosh(2a+2bx+2cx)dx

— g + }Z e—2a—2hx—2cx2 dx + 1 f €2a+2bx+2cx2 dx
x 1, ¥ (@b+4cx)? 1 ., P _ (-2b-4cx)?
=5+ Zem 2 fe s dx+ 1° 2ty fe s dx

e—2a+§ \/Eerf ( b+2cx) eZu—é \/Eerﬁ (b+2cx)
x 2 \Vave 2 Ve
2 W 8V

Mathematica [A] time = 0.142963, size = 140, normalized size = 1.27

\/EErf(%) (cosh (2a - Z—i) — sinh (Za - Z—i)) + +/rErfi (?;;;) (sinh (Za - Z—i) + cosh (Za - g)) + 4v2+/cx
8v2+/c

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x + c*x"2]72,x]

[Out] (4*Sqrt[2]*Sqrtlcl*x + Sqrt[Pil*Erf[(b + 2*cxx)/(Sqrt[2]*Sqrt[c]l)]*(Cosh[2%
a - b™2/(2xc)] - Sinh[2*a - b~2/(2%c)]) + Sqrt[Pil*Erfi[(b + 2xc*x)/(Sqrt[2
1*xSqrt[c])]1*(Cosh[2*a - b"2/(2*c)] + Sinh[2*a - b~2/(2*c)]))/(8+Sqrt [2] *Sqr

t[c])

Maple [A] time = 0.043, size = 94, normalized size = 0.9

2 daci? w2111 dac-1? 1
i \/E\/_e 2c Erf \/E\/Ex+—\/_— ——ﬁe 2¢ Erf(—V—20x+b )

2 16 2 \c)c 8 -2¢) V-2c
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*x+a)”2,x)

[Out] 1/2*x+1/16%Pi~(1/2)*exp(-1/2*%(4*a*xc-b~2)/c)*27(1/2)/c~(1/2)*erf (27 (1/2)*c"(
1/2) *x+1/2%b*27(1/2) /c~(1/2))-1/8%Pi~(1/2) *exp (1/2* (4*a*xc-b~2) /c)/(-2*c)~ (1
/2)*erf (-(-2%c) " (1/2) *x+b/ (-2*c) " (1/2))

Maxima [A] time = 1.56834, size = 130, normalized size = 1.18

2 2
—2u+b—)
Cc

V2+/merf (\/E\/—_c - %) e(za_z_c) V2+/merf (\/E\/Ex + ZL\Z/E) 6( ’ 1
T ' 16 T2

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bx*x+a)”2,x, algorithm="maxima")
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[Out] 1/16%*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e” (2
xa - 1/2*%b72/c)/sqrt(-c) + 1/16*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x + 1/
2xsqrt (2) *b/sqrt(c))*e”(-2%a + 1/2%b~2/c)/sqrt(c) + 1/2*x

Fricas [A] time = 2.12039, size = 358, normalized size = 3.25

\/Eﬁx/Tc(cosh (— bz;iac) + sinh (—%)) erf(%) - \/Eﬁx/z(cosh (— bz;i“) —sinh (—bzza‘j)) erf(

16¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)”2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(-1/2*%(b"2 - 4*axc)/c) + sinh(-1/2*(b
"2 - 4xaxc)/c))*xerf (1/2xsqrt(2)*(2xc*xx + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*
sqrt(c)*(cosh(-1/2*% (b2 - 4*axc)/c) - sinh(-1/2%(b"2 - 4xax*c)/c))*erf (1/2%s
qrt(2)*(2*xc*x + b)/sqrt(c)) - 8*c*x)/c

Sympy [F] time = 0., size = 0, normalized size = 0.

fcosh2 (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(ckx**2+bxx+a)**2,x)

[Out] Integral(cosh(a + b*x + cCkxx**2)**2, x)

Giac [A] time = 1.34642, size = 127, normalized size = 1.15

b2—4ac b’ —4ac )

v il ) el v )
) 16 B 16 V¢ T2

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(c)*(2*xx + b/c))*e”(1/2x(b"2 -
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(-c)*(2xx +
b/c))*e”(-1/2x(b"2 - 4xaxc)/c)/sqrt(-c) + 1/2*x
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dx

319 f coshz(a+bx+cx2)

Optimal. Leaf size=32

X

1 cosh (2a + 2bx + 2cx? 1
EUnintegrable[ ( ), x|+ ng(x)

X

[Out] Logl[x]/2 + Unintegrable[Cosh[2*a + 2xbxx + 2%c*x~2]/x, x]/2

Rubi [A] time = 0.0327872, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

dx

f cosh? (u +bx + cxz)
x

Verification is Not applicable to the result.
[In] Int[Cosh[a + b*x + c*x"2]"2/x,x]

[Out] Loglx]/2 + Defer[Int] [Cosh[2*a + 2xb*x + 2%cxx~2]/x, x]/2
Rubi steps
cosh (2a + 2bx + 2cx2)

cosh? (a +bx + cxz) 1
f dx = f — + dx
X 2x 2x

log(x) 1 cosh (2a +2bx + 2¢:x2)
2 i 2 f x

dx

Mathematica [A] time = 32.5323, size = 0, normalized size = 0.

dx

f cosh? (a +bx + cxz)
x

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x + c*x~2]72/x,x]

[Out] Integrate[Cosh[a + b*x + c*xx"2]72/x, x]

Maple [A] time = 0.056, size = 0, normalized size = 0.

X

f (cosh (cx2 +bx + u))z ;

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*x+a) 2/x,x)
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[Out] int(cosh(c*x™2+b*x+a) ~2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 fe(Zcx2+2bx+2a) s 1 fe(
p— —_— x —
4 X 4

—20x2-2bx-2 a)

1
" dx + > log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)~2/x,x, algorithm="maxima"

[Out] 1/4*integrate(e”™(2*c*x™2 + 2%b*x + 2%a)/x, x) + 1/4xintegrate(e”(-2*c*x"2 -
2xb*x - 2%a)/x, x) + 1/2xlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 +bx + a)2

integral ,X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)”~2/x,x, algorithm="fricas")

[Out] integral(cosh(c*x™2 + b*x + a)~2/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f cosh? (a +bx + cxz)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(cxx**2+b*xx+a)**2/x,x)

[Out] Integral(cosh(a + bxx + ckx**2)**2/x, Xx)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (cx2 +bx + a)z
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)~2/x,x, algorithm="giac")

[Out] integrate(cosh(c*x”2 + bxx + a)~2/x, x)
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3.20 f x2 cosh? (a + bx — cxz) dx

Optimal. Leaf size=268

b2
T 20+— b—-2cx 20+ — b-2cx T —2a— b—2cx -2 b—2cx
\/ge ”+2cErf( ) \/7b2 a+2cE f( ) \/;e a cErﬁ( ) \/7192 - 2cE ﬁ(\/_\/_) bsinh(2a+21

+
32¢3/2 3252 32¢3/2 3252 16¢2

[Out] x73/6 - (b"2*E~(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[c
1)1)/(@32%c~(56/2)) - (E~(2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2
1%Sqrt[c])1)/(32%c~(3/2)) - (b™2*E~(-2*a - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b -
2%c*x)/(Sqrt [21*#Sqrt [c])]1)/(32xc~(5/2)) + (E~(-2*a - b~2/(2xc))*Sqrt [Pi/2]*
Erfil[(b - 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32%xc~(3/2)) - (bxSinh[2*a + 2*b*x - 2
*xc*xx"2])/(16%c™2) - (x*Sinh[2%a + 2*bxx - 2%c*x~2])/(8%c)

Rubi [A] time = 0.23522, antiderivative size = 268, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 8, integrand size = 18, number of rules

= 0.444, Rules used = {56395, 5387, 5374, 2234, 2205, 2204, 5383, 5375}

2
\/gezaJrZErf(b 2cx) \/’bz 2a+2 E f(b 2cx) \/ge—za—ZCE ﬁ(b 2cx) sz —2a- ZCErﬁ(i/_Z\C;) bsinh (2a+21

32c3/2 32c5/2 32c3/2 325/2 16¢2

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[a + b*x - c*x~2]"2,x]

[Out] x73/6 - (b"2*E~(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2xcx*x)/(Sqrt[2]*Sqrt([c
1)1)/(32%c~(5/2)) - (E~(2*a + b~2/(2*c))*Sqrt [Pi/2]1*Erf [(b - 2*c*x)/(Sqrt[2
1%Sqrt[c])1)/(32%c~(3/2)) - (b™2*E~(-2%a - b~2/(2*c))*Sqrt[Pi/2]*Erfil[(b -

2xc*x) /(Sqrt [2]*Sqrt[c])])/(32xc™(5/2)) + (E~(-2*a - b~2/(2%c))*Sqrt [Pi/2]*
Erfi[(b - 2x*c*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) - (b*Sinh[2*a + 2*b*x - 2
xcxx72])/(16%xc”2) - (x*Sinh[2x%a + 2%b*xx - 2%c*x~2])/(8%c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]7(n_)*((d_.) + (e_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2*c), x] + (-Dis
t{(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x], x]

- Dist[(b*e - 2*c*d)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*d, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234



79

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*xSqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2xd*Rt[-(b*LoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Cosh[a + bxx + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
eeQ{a, b, c}, x]

Rubi steps

2 1
fxz cosh® (a + bx — cxz) dx = f(x_ + —x2 cosh (Zu + 2bx — 2cx2)) dx
2 2

31
.z fo cosh (211 + 2bx — 20x2) dx
6 2

=—- +

¥  xsinh (Za + 2bx — 2cx2) [ sinh (2a + 2bx — ZCxZ) dx b [xcosh (Za +2b
+

o

8c 8c

4c

3 bsinh (Za + 2bx — 20x2) x sinh (Za + 2bx — 2cx2) b? f cosh (211 + 2bx -2

- _ - +
16¢2 8c

o

x3 bsinh (Za + 2bx — 2cx2) x sinh (2a + 2bx — 20x2) v [ Rat2bx-2c gy

=—- - +

8c?

+ —

6 16¢2 8c 16¢2

20+ b-2 20-2 b-2
a+— T —2CX —20—— Tt —ZCX
~ x_3 ) e x \/;erf(ﬁ—\ﬁ) e = Eerﬁ(ﬁ\/z) B bsinh (Za + 2bx - 2cx2) X

6 32¢3/2 32¢3/2 16¢2

2 2 2
20+— [m b—2cx 20+— |1 b-2cx —20—-— [Tt
b2e " 2 \/jerf (—) e \/jerf( ) b2e " \/jerﬁ (
_x 2= \\aye 2% \\aye 2

b—2cx

V2ye

»

+ —

6 32572 320372 - 32(5/2

Mathematica [A] time = 0.723499, size = 181, normalized size = 0.68

3\/2_7'( (bz + c) Erf(zi_b) (sinh (211 + Z—i) + cosh (Za + g)) + 3\/2_71 (b2 - c) Erfi (M) (COSh (2u + Z—i) —sinh (2a

Vet Vot

19252

Antiderivative was successfully verified.
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[In] Integrate[x~2*Cosh[a + b*x - c*x72]72,x]

[Out] (3%(b"2 - c)*Sqrt[2*Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b~
2/(2*c)] - Sinh[2*a + b~2/(2*c)]) + 3%(b"2 + c)*Sqrt[2*Pi]*Erf [(-b + 2%c*x)
/(Sqrt [2]*Sqrt[c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2%a + b~2/(2%c)]) + 4xSqr
t[c]*(8xc™2*%x™3 - 3*%(b + 2*c*x)*Sinh[2*(a + x*x(b - c*x))]))/(192%c~(5/2))

Maple [A] time = 0.063, size = 273, normalized size = 1.

x3 er cx2=2bx-2a beZ cx2=2bx-2a b2 / 4 uﬁ.bz

+
6 16¢ 32¢2 32 c2

4uc+h2
Erf(\/—z cx+b ) ! —ﬁe Erf(\/—Z x+b—

V2c) V2e 32 V2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(-c*x~2+b*x+a)”~2,x)

[Out] 1/6%x73+1/16/c*x*exp(2*cxx~2-2%b*x-2%a)+1/32xb/c ™ 2%exp (2*c*x~2-2%b*x-2%a)+1
/32xb~2/c”2*%Pi~ (1/2) xexp(-1/2* (4d*a*xc+b~2)/c)/(-2*c) " (1/2) *xerf ((-2*c)~(1/2)*
x+b/ (-2%c)~(1/2))-1/32/c*Pi~ (1/2) *exp (-1/2* (4*xa*xc+b~2) /c) / (-2*c) ~(1/2) *erf (
(=2xc) 7 (1/2) *x+b/ (-2%c) " (1/2) ) -1/16/c*kx*exp (-2*c*x~2+2*b*x+2%a) -1/32%b/c™ 2%
exp (—2%c*x™2+2%b*x+2%a) -1/64*b"2/c” (5/2) *P1i~ (1/2) *exp (1/2*% (4*a*xc+b~2) /c) *2~
(1/2)*erf (-27(1/2)*xc™ (1/2) *x+1/2%b*27(1/2) /c~(1/2))-1/64/c” (3/2) *Pi~ (1/2) *e
xp(1/2% (4*axc+b”2) /c)*27 (1/2) *xerf (-27(1/2) *c~(1/2) *x+1/2*%b*2~(1/2) /c~(1/2))

Maxima [A] time = 1.3943, size = 435, normalized size = 1.62

(2cx b) (2 cx-b) cx—b)?
. VR@ex- b)bz(erf{f y e ] ] . \fbc[ 2 2@ervr(3 252 ) fous
- 4

) Vr(2 Cx_b)bz[er‘[\/g —(Zic‘
2c \/E

2
((2cx—b)2) (—c)g _ (2cx-b) c

NI
NG

(2 cx— b)

5
(~c)2 (=)

c
c
—x3 - +

64 +/—c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(-c*x~2+b*x+a)”~2,x, algorithm="maxima"

[Out] 1/6%x73 - 1/64xsqrt(2)*(sqrt(pi)*(2*c*xx - b)*b 2% (erf (sqrt(1/2)*sqrt ((2*xc*x
- b)72/c)) - 1)/(sqrt((2*xc*x - b)~2/c)*(-c)~(5/2)) - 2*xsqrt(2)*b*xcxe”(-1/2
*(2xcxx - b)72/c)/(-c)~(5/2) - 2x(2*%c*xx - b)) 3*xgamma(3/2, 1/2%x(2*cxx - b)~2
/c)/(((2%c*xx - b)72/c)~(3/2)*(-c)~(5/2)))*e~(2%a + 1/2*¥b~2/c)/sqrt(-c) + 1/
64*xsqrt (2) *(sqrt (pi)*(2*c*xx - b)*b~2*x(erf (sqrt(1/2)*sqrt (-(2*c*x - b)~2/c))

- 1)/(sqrt(-(2xc*x - b)~2/c)*c”(5/2)) + 2*xsqrt(2)*b*xe”(1/2*%(2*c*xx - b)~2/c
)/c”(3/2) - 2x(2xc*x - b) "3*kgamma(3/2, -1/2%x(2xc*x - b)~2/c)/((-(2*c*x - b)
~2/c)~(3/2)*c~(5/2)))*e~(-2*a - 1/2%b~2/c)/sqrt(c)

Fricas [B] time = 2.18093, size = 1887, normalized size = 7.04

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*cosh(-c*x~2+b*x+a)”~2,x, algorithm="fricas")

[Out] 1/192*%(32*c~3*x"3*cosh(c*x™2 - b*x - a)~2 + 6x(2*xc™2%x + b*c)*cosh(c*x"2 -
b*x — a)~4 + 24%(2%c”2*x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a)
73 + 6%(2%c”2%x + bxc)*sinh(c*x”2 - b*x - a)~4 - 3*sqrt(2)*sqrt(pi)*((b~2 -
c)*cosh(c*x™2 - b*x - a)~2xcosh(1/2+%(b"2 + 4*a*xc)/c) - (b"2 - c)*cosh(c*x”
2 - b*x - a) 2*sinh(1/2*x(b~2 + 4*axc)/c) + ((b™2 - c)*cosh(1/2%(b~2 + 4*ax*c
Y/c) = (72 - c)*sinh(1/2*(b"2 + 4xaxc)/c))*sinh(c*x”™2 - b*x - a)~2 + 2x((b
"2 - c)*cosh(c*x™2 - b*x — a)*cosh(1/2%(b"2 + 4x*xa*xc)/c) - (b~2 - c)*cosh(c*
X"2 - b*x - a)*sinh(1/2*%(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x - a))*sqrt(-c)*e
rf (1/2*sqrt(2)*(2xc*x - b)*sqrt(-c)/c) + 3*sqrt(2)*sqrt(pi)*((b~2 + c)*cosh
(c*x72 - b*x - a) 2*xcosh(1/2*x(b~2 + 4x*axc)/c) + (b™2 + c)*cosh(c*x™2 - b*x
- a) 2*sinh(1/2* (b2 + 4*xaxc)/c) + ((b™2 + c)*cosh(1/2*x(b"2 + 4xaxc)/c) + (
b"2 + c)*sinh(1/2%(b"2 + 4*axc)/c))*sinh(c*x”2 - b*x - a)”2 + 2x((b™2 + c)*
cosh(c*x™2 - b*x - a)*cosh(1/2*x(b"2 + 4xaxc)/c) + (b2 + c)*cosh(c*x"2 - b*
x - a)*sinh(1/2*%(b~2 + 4*ax*c)/c))*sinh(c*x™2 - bxx - a))*sqrt(c)*erf(1/2*sq
rt (2)*(2xcxx - b)/sqrt(c)) - 12*%c™2xx + 4*(8*c™3*x"3 + 9% (2%c™2*x + b*c)*co
sh(c*x™2 - b*x - a)”2)*sinh(c*x”2 - b*x - a)”2 - 6*bxc + 8*(8*xc~3*x~3*cosh(
c*xx"2 - b*x - a) + 3*(2*c72*x + bxc)*cosh(c*x™2 - b*x - a)~3)*sinh(c*x"2 -
b*x - a))/(c”3*cosh(c*x™2 - b*x - a)”2 + 2*xc"3*cosh(c*x™2 - b*x - a)*sinh(c
*x72 - b*x - a) + c¢”3*sinh(c*x”2 - b*x - a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.
fxz cosh® (a + bx — cx?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cosh(-cxx*x2+b*x+a)**2,x)

[Out] Integral(x**2*cosh(a + b*x — c*x**2)*%*2, X)

Giac [A] time = 1.31472, size = 251, normalized size = 0.94

b2 +4ac vy

e O e e
1x3_ 7 +2(c(2x—z)+2b)e( )_ =

6 64 c2 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6*x~3 - 1/64x(sqrt(2)*sqrt(pi)* (b2 + c)*erf(-1/2xsqrt(2)*sqrt(c)*(2*x -
b/c))*e”(1/2%(b"2 + 4xaxc)/c)/sqrt(c) + 2*(cx(2%x - b/c) + 2%b)*e” (-2xc*x"2

+ 2%b*x + 2*a))/c”2 - 1/64%(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2xsqrt(2)*sq
rt(-c)*(2*%x - b/c))*e”(-1/2x(b~2 + 4x*a*xc)/c)/sqrt(-c) - 2x(cx(2*xx - b/c) +

2xb) *e” (2xc*xx"2 - 2xb*x - 2%a))/c”2
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3.21 fxcosh2 (a + bx — cxz) dx

Optimal. Leaf size=136

2 +— b—2cx -2 b—2cx
\/Zb 3 E f( ) \/7196 a= ZcErﬁ( ) Sinh(ZEl-i—ZbX—Zsz) 2

p— + —_
16c3/2 16¢3/2 8c 4

[Out] x72/4 - (b*E~(2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2%c*x)/(Sqrt[2]*Sqrt[c])
1)/(16%c~(3/2)) - (b*E~(-2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b - 2*c*x)/(Sqrt
[2]*Sqrt[c])])/(16%c~(3/2)) - Sinh[2%a + 2*b*x - 2xc*x~2]/(8*c)

Rubi [A] time = 0.0926933, antiderivative size = 136, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 8, number of rules used = 6, integrand size = 16, e o e

= 0.375, Rules used = {5395, 5383, 5375, 2234, 2205, 2204}

20+ — b—2cx —2a— b—2cx
\/;b at’ Ef( ) \/*be a zEﬁ( ) sjnh(2a+2bx—26x2) x2

p— + —_
16c3/2 16¢3/2 8c 4

integrand size

Antiderivative was successfully verified.

[In] Int[x*Coshl[a + b*x - c*x~2]72,x]

[Out] x72/4 - (b*E~(2*%a + b~2/(2%c))*Sqrt[Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[c])
1)/(16%xc~(3/2)) - (b*E~(-2*a - b~2/(2*c))*Sqrt[Pi/2]*Erfi[(b - 2*c*x)/(Sqrt
[2]*%Sqrt[c])])/(16%c~(3/2)) - Sinh[2*a + 2*b*x - 2xc*x~2]/(8*c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_)*x(x_)"2]"(n )*((d_.) + (e_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x~2]°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 2]11)/(2*d*Rt [-(b*Logl[F]), 2]), x] /; Fr
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eeQ[{F, a, b, ¢, d}, x] && NegQ[b]
Rule 2204
Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr

t[Pi]*Erfi[(c + d*x)*Rt[b*Log[F], 2]1)/(2*d*Rt[bxLogl[F], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

1
fxcoshz (a +bx - cxz) dx = f (E + —x cosh (2a + 2bx — 20x2)) dx
2 2

N

= xz + % fx cosh (211 +2bx - ZCXZ) dx
x2 sinh (Za + 2bx — 2cx2) N b f cosh (2a + 2bx — 2cx2) dx
4 8c 4c
x?  sinh (2a + 2bx - 2c2?) N b [ e2rr2bn-2c® gy . b [ e 2a-2bx+2ex® gy
4 8c 8c 8c
(~2b+4cx)2 2a+_ (b—4cx)
S sinh(2a+2bx—2cx2)+( )fe * +( )fe o
4 8c 8c 8c
b2 b2
x? e % \/7erf (i/'Z\C/iC ) be "z \/7erﬁ (i/'zj/i( ) sinh (211 + 2bx — 2cx2)
4 16¢3/2 16¢3/2 8¢

Mathematica [A] time = 0.388476, size = 161, normalized size = 1.18

\/Z_nbE f( ) (sinh (211 + Zz) + cosh (2a + )) \/2_7zbE ﬁ(\/_\/_) (cosh (Za + Zz) —sinh (Za + )) + 4\/_(

32¢3/2

oy

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[a + b*x - c*x72]72,x]

[Out] (b*Sqrt[2*Pi]*Erfi[(-b + 2*c*x)/(Sqrt[2]*Sqrtc])]*(Cosh[2*a + b~2/(2*c)] -
Sinh[2*a + b~2/(2xc)]) + bxSqrt[2+Pi]*Erf [(-b + 2*c*x)/(Sqrt[2]*Sqrtlc])]x*

(Cosh[2*a + b~2/(2*c)] + Sinh[2%a + b72/(2*c)]) + 4xSqrtlcl*(2*c*x~2 - Sinh

[2x(a + xx(b - c*x))]))/(32%c™(3/2))

Maple [A] time = 0.051, size = 137, normalized size = 1.

—2cx2+2bx+2a dac+b?
1 ) 1 e _b\/H\/E = et —vayer 4
\V=2c¢ \/_ZC 16¢ 32

4 l6¢ 16

2 2cx2-2bx-2a b 4 ac+b2
x_+e \/_ Erf(\/—Zcx+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(-c*x~2+b*x+a)~2,x)

[Out] 1/4%x72+1/16/c*exp(2%c*xx~2-2xb*x-2%a)+1/16%b/c*Pi~ (1/2)*exp(-1/2*(4*a*xc+b~2
)/c)/(=2%c)~(1/2)xerf ((-2xc) ~(1/2) *x+b/ (-2xc) ~(1/2))-1/16/c*xexp (-2*kc*xx~2+2%
bxx+2%a)-1/32xb/c”(3/2)*Pi~ (1/2) *exp(1/2x (dxaxc+b~2) /c)*2~(1/2) *erf (-27(1/2
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Yxc™(1/2) *x+1/2%b*2~(1/2) /c~(1/2))

Maxima [A] time = 1.2944, size = 292, normalized size = 2.15

2 2 2 2
Vn(2 cx—b)b[erf{\/g 4\ @Zexb)” Cxc_b) ]—1] N (— @ C;:b) ] (2 . b2 ) V(2 cx—b)b[er([ % \ - @ Cxc_b) -1 Y ( @ C;Zb)
2ce 2¢ 2e
\/E 2 3 a 3 € \/E 2 3 " Ve
2cx-b) 3 (~0)2 @ex-b) 5

. e (o -

—x%+ +

324/-c 324/c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+bxx+a)”2,x, algorithm="maxima")

[Out] 1/4*x72 + 1/32xsqrt(2)*(sqrt(pi)*(2xc*x - b)*b*(erf(sqrt(1/2)*sqrt((2*c*x -
b)~2/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(3/2)) - sqrt(2)*cxe”(-1/2%(2*cx*

x - b)72/c)/(-c)”(3/2))*e~(2*a + 1/2*%b"2/c)/sqrt(-c) + 1/32%sqrt(2)*(sqrt(p
i)*(2%c*x - b)*bx(erf(sqrt(1/2)*sqrt(-(2*%cxx - b)"2/c)) - 1)/(sqrt(-(2*c*x

- b)72/c)*c”(3/2)) + sqrt(2)*e”(1/2%(2*c*xx - b)~2/c)/sqrt(c))*e”(-2*a - 1/2
*b~2/c) /sqrt(c)

Fricas [B] time = 2.15541, size = 1634, normalized size = 12.01

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/32*(8*c”2*x"2*cosh(c*x™2 - b*x - a)~2 + 2*cxcosh(c*x™2 - b*x - a)”4 + 8%c
*cosh(c*x™2 - b*x - a)*sinh(c*x”2 - b*x - a)”3 + 2*c*sinh(c*x™2 - b*x - a)~
4 - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - b*x - a) 2%cosh(1/2*%(b”2 + 4*axc)/c) -
bxcosh(c*x™2 - b*x - a) 2*sinh(1/2*x(b~2 + 4xaxc)/c) + (b*cosh(1/2*x(b"2 + 4
*axc)/c) - bxsinh(1/2*x(b"2 + 4xa*c)/c))*sinh(c*x"2 - b*x - a)~2 + 2*(b*cosh
(c*x™2 - b*x - a)*cosh(1/2*x(b"2 + 4*a*xc)/c) - b*cosh(c*x™2 - b*x - a)*sinh(
1/2x(b~2 + 4xaxc)/c))*sinh(c*x™2 - b*x - a))*sqrt(-c)*erf(1/2*xsqrt(2)*(2*c*
x - b)*sqrt(-c)/c) + sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - b*x - a) 2*xcosh(1/2x(
b"2 + 4xaxc)/c) + bxcosh(c*x™2 - b*x - a) 2*sinh(1/2%(b"2 + 4x*axc)/c) + (b*
cosh(1/2%(b"2 + 4*a*xc)/c) + bxsinh(1/2%(b"2 + 4*a*c)/c))*sinh(c*x"2 - b*x -
a)”2 + 2*x(b*cosh(c*x™2 - b*x - a)*cosh(1/2x(b"2 + 4*axc)/c) + b*cosh(c*x™2
- b*x - a)*sinh(1/2*%(b"2 + 4*ax*c)/c))*sinh(c*x”2 - b*x - a))*sqrt(c)*erf(1
/2%sqrt (2) *(2xc*x - b)/sqrt(c)) + 4*(2*%c™2%x72 + 3*xc*cosh(c*x™2 - b*x - a)~
2)*sinh(c*x™2 - b*x - a)”~2 + 8% (2*%c™2*x"2*cosh(c*x™2 - b*x - a) + c*cosh(c*
X"2 - b*x - a)~3)*sinh(c*x”2 - b*x - a) - 2xc)/(c"2*cosh(c*x”™2 - b*x - a)~2
+ 2*c"2*cosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a) + c " 2*sinh(c*x"2 - b*x
- a)”2)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx cosh? (a + bx - cxz) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*cosh(-cxx**x2+b*xx+a)**2,x)

[Out] Integral(x*cosh(a + bxx — c*x**2)**2, x)

Giac [A] time = 1.28649, size = 194, normalized size = 1.43

1 b (bzgﬂc) 1 b (_ bzyiac)
V2 erf(_ 2 \/E\/E(z e ))e (-2cx+2bx+24) V2 erf(_ 2 \/E‘/__C(Z e ))e _ 9 l2c?-2bx-20)
1 7 +2e = 2e
Z X= = 32¢ 32¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(-c*x~2+bxx+a)~2,x, algorithm="giac")

[Out] 1/4*x72 - 1/32x(sqrt(2)*sqrt(pi)*bxerf (-1/2*sqrt(2)*sqrt(c)*(2*x - b/c))*e”
(1/2% (™2 + 4xaxc)/c)/sqrt(c) + 2xe”(-2xc*x”~2 + 2xb*x + 2*a))/c - 1/32*(sqr

t(2) *sqrt (pi) *bxerf (-1/2*sqrt (2) *sqrt (-c)*(2*xx - b/c))*e” (-1/2*% (b2 + 4*axc
)/c)/sqrt(-c) - 2%e~(2*c*x"2 - 2xb*x - 2*a))/c
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3.22 f cosh? (a + bx — cxz) dx

Optimal. Leaf size=110

b2 b2
T 2a+— b—2cx T —2q—— b—2cx
‘/;e i Erf(«ﬁw?) ‘/;e ’ Erﬁ(x/ix/z) X

8+/c 8+ 2

[Out] x/2 - (E"(2*%a + b~2/(2xc))*Sqrt [Pi/2]*#Erf [(b - 2*c*x)/(Sqrt[2]*Sqrtlc]l)])/(
8xSqrtlc]) - (E~(-2*a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b - 2xc*x)/(Sqrt[2]*Sqr
t[c])1)/(8*Sqrtlcl)

Rubi [A] time = 0.0659586, antiderivative size = 110, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 7, number of rules used = 5, integrand size = 14, e o e

= 0.357, Rules used = {5377, 5375, 2234, 2205, 2204}

b2 b2
T 2a0+— b—2cx T 20— — b—2cx
_‘/;e 2 Erf(ﬁvz) 3 Erﬁ(\fz_\/z) X
2

8c WA

integrand size

Antiderivative was successfully verified.

[In] Int[Cosh[a + b*x - c*x"2]72,x]

[Out] x/2 - (E"(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2%cx*x)/(Sqrt[2]*Sqrt[c])])/(
8xSqrtlc]) - (E7(-2*%a - b72/(2%c))*Sqrt[Pi/2]*Erfi[(b - 2xc*x)/(Sqrt[2]*Sqr
t[c])1)/(8*Sqrtlcl)

Rule 5377

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x”2]°n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*¥x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cx*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*d*Rt[bxLogl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]
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Rubi steps

1 1
fcoshz (u + bx — cxz) dx = f (— + — cosh (2a + 2bx — 2cx2)) dx
2 2
- ! fcosh (Za + 2bx — 2cx2) dx
2

=4+ 32a+2bx—2cx2 dx + 1 e—2a—2bx+2cx2 dx
4

X 1 - = 2b+4cx)2 1 a4 b2 (20— 4cx)
:§+ e“che dx+4e 2cfe dx

e fet(2) o fen (52
2

8 8

Mathematica [A] time = 0.136785, size = 144, normalized size = 1.31

ﬁErf(%jE’) (sinh (Za + i—i) + cosh (Za + z—i)) + +/rErfi (%ﬁ_’) (cosh (2a + z—i) — sinh (Za + Z—i)) + 4v2+/cx
8V2+/c

Antiderivative was successfully verified.

[In] Integrate[Cosh[a + b*x - c*x72]72,x]

[Out] (4%Sqrt[2]*Sqrtlcl*x + Sqrt[Pil*Erfil[(-b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*(Coshl[
2%a + b~2/(2%c)] - Sinh[2*a + b~2/(2xc)]) + Sqrt[Pi]*Erf[(-b + 2*cxx)/(Sqrt
[2]1*Sqrt [c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2xa + b~2/(2%c)]))/(8xSqrt[2]*S
qrtlcl)

Maple [A] time = 0.043, size = 90, normalized size = 0.8

) s R L)

\/'

Lac+b?
X + %e_ 2¢ Erf(\/—Zcx +b

2 Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(-c*x~2+b*x+a)~2,x)

[Out] 1/2*x+1/8*%Pi~(1/2)*exp(-1/2*(4d*xa*xc+b~2)/c)/(-2*c)~(1/2)*erf ((-2*c)~(1/2)*x+
b/ (=2xc)~(1/2))-1/16%Pi~ (1/2) *exp(1/2* (4*a*xc+b~2)/c)*27(1/2) /c~(1/2) *xerf (-2
“(1/2)*c™(1/2) *x+1/2%bx27(1/2) /c~(1/2))

Maxima [A] time = 1.56002, size = 130, normalized size = 1.18

2

\/E\/Eerf(\/i\/z —Zif/lé)e(ZM%) . \/_\/_erf(\/_\/_cx+ —) (—2a—;—zc) .

16+/c 16 y/~c

X

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x"2+b*x+a)”~2,x, algorithm="maxima")



88

[Out] 1/16%*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x - 1/2*sqrt(2)*b/sqrt(c))*e”(2*a
+ 1/2%b"2/c)/sqrt(c) + 1/16%sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x + 1/2%
sqrt(2)*b/sqrt(-c))*e”(-2*a - 1/2xb~2/c)/sqrt(-c) + 1/2*x

Fricas [A] time = 2.11069, size = 352, normalized size = 3.2

\/5\/5\/—_c(cosh (bziuc) —sinh (—bziuc)) erf (—\/5(2 C;b)\/_—c) - \/Eﬁx/z(cosh (bzziac) + sinh (btiac)) erf(\/z(zz\c/;_b)

16¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x"2+b*x+a)”~2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(1/2%(b"2 + 4xa*xc)/c) - sinh(1/2*(b"2
+ 4xaxc)/c))xerf (1/2*sqrt(2)*(2xc*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*sq
rt(c)*(cosh(1/2%(b"2 + 4xaxc)/c) + sinh(1/2%(b~2 + 4x*axc)/c))*erf(1/2*sqrt(
2)*(2*c*x - b)/sqrt(c)) - 8xcx*x)/c

Sympy [F] time = 0., size = 0, normalized size = 0.
f cosh? (a +bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x**x2+b*x+a)**2,x)

[Out] Integral(cosh(a + b*x - cxx**2)**2, x)

Giac [A] time = 1.32759, size = 130, normalized size = 1.18

P2 +dac _ 2

Vovrest(Lyi(ax- ) AT vaymet(vayee- 1)
B 16 yc - 16—

+ =X

N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(c)*(2*%x - b/c))*e”(1/2x(b~2 +
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(-c)*(2*xx -
b/c))*e” (-1/2%(b"2 + 4xaxc)/c)/sqrt(-c) + 1/2xx
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dx

COSZQ X—sz
393  [oleeed)

Optimal. Leaf size=32

X

1 cosh (2a + 2bx — 2cx? 1
EUnintegrable( ( ),x + ng(x)

X

[Out] Logl[x]/2 + Unintegrable[Cosh[2*a + 2xbxx - 2*%c*x~2]/x, x]/2

Rubi [A] time = 0.0334658, antiderivative size = 0, normalized size of antiderivative
0., number of steps used = 0, number of rules used = 0, integrand size = 0, M
integrand size

0., Rules used = {}

dx

f cosh? (a + bx — cxz)

X

Verification is Not applicable to the result.
[In] Int[Cosh[a + b*x - c*x~2]"2/x,x]

[Out] Loglx]/2 + Defer[Int] [Cosh[2*a + 2xb*x - 2%cxx~2]/x, x]/2

Rubi steps

— +
2x 2x

X

f cosh? (a + bx - cxz) ; f( 1  cosh (2a + 2bx — 2cx2)] ;
X = x

dx

log(x) 1 cosh (2a + 2bx — 2sz)
2 i 2 f x

Mathematica [A] time = 34.5246, size = 0, normalized size = 0.

dx

cosh? (a + bx — cxz)
J—=

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x - c*x"2]72/x,x]

[Out] Integrate[Cosh[a + b*x - c*x"2]72/x, x]

Maple [A] time = 0.055, size = 0, normalized size = 0.

X

_ox2 2
f(COSh( cxx+ bx+u)) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(-c*x~2+b*x+a) 2/x,x)
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[Out] int(cosh(-c*x~2+b*x+a) " 2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

—2cx2+2 bx+2 a)

1 6(2 cx2=2bx-2 a) 1 6( 1
fodx*-_f dx+§10g(x)

be

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)~2/x,x, algorithm="maxima"

[Out] 1/4xintegrate(e”™(2*c*x™2 - 2%b*x - 2%a)/x, x) + 1/4xintegrate(e”(-2*c*x™2 +
2xb*x + 2%a)/x, x) + 1/2xlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 —bx - a)2

X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)”~2/x,x, algorithm="fricas")

[Out] integral(cosh(c*x™2 - b*x - a)~2/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

cosh? (a + bx — cxz)
/=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x**2+b*x+a)**2/x,%)

[Out] Integral(cosh(a + bxx - ckx**2)**2/x, X)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f cosh (—cx2 +bx + a)z
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(-c*x~2+b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(cosh(-c*x72 + b*x + a)~2/x, x)
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3.24 fxz cosh? G +x + x2) dx

Optimal. Leaf size=68

1 2x +1 51 1 1 1
T gErf( Ji/z )+%+§xsinh(2x2+2x+E)—1—65mh(2x2+2x+§)

[Out] x73/6 + (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]])/16 - Sinh[1/2 + 2xx + 2*x~2]/16
+ (x*#Sinh[1/2 + 2*x + 2xx72])/8

Rubi [A] time = 0.0987121, antiderivative size = 68, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 8, integrand size = 15, number of rules

= 0.533, Rules used = {56395, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

integrand size

1 2x +1 51 1 1 1
1 gErf( Ji/z )+%+§xsinh(2x2+2x+E)—1—65mh(2x2+2x+5)

Antiderivative was successfully verified.

[In] Int[x"2*Cosh[1/4 + x + x72]72,x]

[Out] x~3/6 + (Sqrt[Pi/2]*Erf[(1 + 2%x)/Sqrt[2]]1)/16 - Sinh[1/2 + 2xx + 2xx~2]/16
+ (x#Sinh[1/2 + 2*x + 2xx72])/8

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)*((d_.) + (e_.)*x(x_)) " (m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x72]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*x)~(m - 1)*Sinh[a + b*x + c*x72])/(2xc), x] + (-Dis
t[(e™2x(m - 1))/(2xc), Int[(d + exx)"(m - 2)*Sinh[a + bxx + c*x~2], x], x]

- Dist[(bxe - 2%cxd)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*xx~2], x]
, x1) /; FreeQl{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)”2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2%c), x] - Dist[(b*e - 2%c*xd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

fxzcoshz 1+x+x2 dx:f x—2+1x2cosh 1+2x+2x2 dx
4 2 2 2
31 1
:%+§fxzcosh(§+2x+2x2) dx

»r o1 1 1 1 1 1
4+ Zxsinh|= + 2x + 2x2 ——fsinh — 4+ 2x + 242 dx——fxcosh — 4+ 2x + 2x
6 8 2 8 2 4 2

3 1 1 1 1 1 Y 1 1
=X ginh(= +2x+ 22| + Sxsinh [ = + 2x + 222 +—fe P 2xzdx——fez
6 2 8 2 16 16

31 1 1 1 1 Lo 1 1
= ——sinh(§+2x+2x2)+gxsinh(§+2x+2x2)+ﬁfe 52 4x)2dx—EfeS

6

3 1 1+2 1 1+2 1 1 1 1
:x—+—\/Eerf ad ——\/Eerﬁ ) - Zsinh (= + 2x + 222 + —xsinh [ -

6 V2 vz ) V2 Ty )16t 2 8 ;

3

6

1 1+2 1 1 1 1
+ — Eerf( x) “ I sinh (— +2x + 2x2) + gxsinh (E +2x + 2x2)

2

Mathematica [A] time = 0.202044, size = 99, normalized size = 1.46

BVZenErf(ZD’;) +16+/ex® + 6ex sinh(2x(x + 1)) + 6x sinh(2x(x + 1)) — 3esinh(2x(x + 1)) — 3 sinh(2x(x + 1)) + 3(e —
96+/e

Antiderivative was successfully verified.

[In] Integrate[x~2*Cosh[1/4 + x + x72]72,x]

[Out] (16*Sqrt[E]*x~3 + 3*%(-1 + E)*(-1 + 2*x)*Cosh[2*x*x(1 + x)] + 3*%Sqrt[2*ExPi]x*
Erf[(1 + 2%x)/Sqrt[2]] - 3*Sinh[2*x*(1 + x)] - 3*ExSinh[2*x*(1 + x)] + 6*x*
Sinh[2*x*(1 + x)] + 6%Exx*Sinh[2*x*x(1 + x)])/(96%Sqrt[E])

Maple [A] time = 0.045, size = 77, normalized size = 1.1

——-—e 2 4+ —e x+—|+—ec 2 ——e 2

3 (14222 1 _a+29? P D) a+2x? 1 +29?
i i e 2 T2+ —ﬁ\/_Erf \/E \/_ X T2
6 16 32 32 2 16 32
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cosh(1/4+x+x"2)72,x)

[Out] 1/6%x7~3-1/16%x*exp(-1/2*(1+2%x) ~2)+1/32xexp (-1/2% (1+2%x) "2)+1/32*Pi~ (1/2) %2
~(1/2)*xerf (27 (1/2) *x+1/2%27(1/2) ) +1/16*x*xexp (1/2% (1+2%x) "2) -1/32*exp (1/2* (1
+2%x) ~2)

Maxima [C] time = 1.89651, size = 153, normalized size = 2.25

2i(2x +1)°T (; % Qx+ 1)2) iVr2x+ 1)(erf(\/§\/(2x + 1)2) - 1)

1 1 1 1.
—xd+ = (2xe2 - 82)6(2x2+2x) - —iV2|- 3 +

6 % o4 (@x+1)%)? \/m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(1/4+x+x72)72,x, algorithm="maxima"

[Out] 1/6*x73 + 1/32%(2*xx*e”(1/2) - e7(1/2))*e”(2*x"2 + 2xx) - 1/64*I*sqrt(2)*(-2
xI*(2%x + 1) "3*xgamma(3/2, 1/2*%(2*x + 1)72)/((2*xx + 1)72)7(3/2) + I*sqrt(pi)

x(2xx + D) x(erf(sqrt(1/2)*sqrt((2*xx + 1)72)) - 1)/sqrt((2*x + 1)72) + 2%Ix*s
qrt(2)*e”~ (-1/2x(2xx + 1)72))

Fricas [B] time = 2.1331, size = 859, normalized size = 12.63

4

2 3
16x3cosh(x2+x+i) +3(2x—1)cosh(x2+x+i) +12(2x—1)cosh(x2+x+%)sinh(x2+x+i) +3(2x-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(1/4+x+x72)72,x, algorithm="fricas")

[Out] 1/96*%(16*x"3*cosh(x™2 + x + 1/4)72 + 3*(2*x — 1)*cosh(x™2 + x + 1/4)74 + 12
*(2xx - 1)*cosh(x™2 + x + 1/4)*sinh(x"2 + x + 1/4)73 + 3*(2*x - 1)*sinh(x"2

+ x + 1/4)74 + 2x(8*x"3 + 9% (2*x - 1)*cosh(x”2 + x + 1/4)72)*sinh(x"2 + x

+ 1/4)72 + 4x(8*xx"3xcosh(x™2 + x + 1/4) + 3*(2*xx - 1)*cosh(x™2 + x + 1/4)73
)*sinh(x72 + x + 1/4) + 3x*sqrt(pi)*(sqrt(2)*cosh(x”™2 + x + 1/4) 2xerf (1/2*s
qrt(2)*(2*x + 1)) + 2*xsqrt(2)*cosh(x™2 + x + 1/4)*erf (1/2xsqrt(2)*(2*x + 1)
)*sinh(x72 + x + 1/4) + sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1))*sinh(x"2 + x + 1
/4)72) - 6xx + 3)/(cosh(x”2 + x + 1/4)72 + 2*cosh(x”2 + x + 1/4)*sinh(x"2 +

x + 1/4) + sinh(x"2 + x + 1/4)72)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxz cosh? (x2 +x+ Z) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**2*cosh(1/4+x+x**2)**2,x)

[Out] Integral (x**2*cosh(x**2 + x + 1/4)**2, x)

Giac [A] time = 1.21525, size = 82, normalized size = 1.21

2x2+2x+l —2x2—2x—%)

1s,1 L AP -1 or_ el
6x +32\/§\/%erf(2\/§(2x+1))+32(2x 1)e 32(2x 1)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cosh(1/4+x+x~2)"2,x, algorithm="giac")
g g g

[Out] 1/6%x73 + 1/32%sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2*x + 1)) + 1/32%(2*x - 1)
*xe™ (2%x72 + 2%x + 1/2) - 1/32%(2%x - 1)*e”(-2%x72 - 2%x - 1/2)



95

3.25 fxcos]n2 (}1 +x+ xz) dx

Optimal. Leaf size=75

1 [n 2x+1\ 1 [xn 2x+1\ x* 1 1
——./=Erf - —4|=Erfi +— + =sinh |2x? + 2x + =
16 zr(\/i)m\/;r(\@) 1 8sm(x xz)

[Out] x72/4 - (Sqrt[Pi/2]1*Erf[(1 + 2xx)/Sqrt[211)/16 - (Sqrt[Pi/2]*Erfi[(1 + 2%x)
/Sqrt[2]])/16 + Sinh[1/2 + 2*x + 2*x~2]/8

Rubi [A] time = 0.0541586, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 13, e -

0.462, Rules used = {56395, 5383, 5375, 2234, 2204, 2205}

integrand size

_l nErf 2x +1 1 [n 2x +1
16y 2

2 27\ V2

+x2+1 inh (2x% + 2 +1
-— r — + —sin =
16V 2 FEE S
Antiderivative was successfully verified.

[In] Int[x*Cosh[1/4 + x + x~2]72,x]

[Out] x72/4 - (Sqrt[Pi/2]*Erf[(1 + 2xx)/Sqrt[2]1]1)/16 - (Sqrt[Pi/2]*Erfil[(1 + 2%x)
/Sqrt[2]])/16 + Sinh[1/2 + 2*x + 2*x~2]/8

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n_)*((d_.) + (e_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x"2]°n, x
1, x]1 /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4%c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)*Rt[b*Logl[F], 2]11)/(2*xd*Rt[bxLogl[F], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1 1
fxcoshz —+x+x2 dx:f + —xcosh [ = + 2x + 2x2 || dx
4 2 2 2

1
:x—+—fxcosh — +2x +2x2| dx
4 2 2

4 8

21 1 1 1, 11
:xz+§sinh §+2x+2x2 —gfe 2 szdx_8f62+2x+2x dx

2 1 1 1 P 1 1
:xZ'FgSinh §+2X+2X2 —gfe 8(24x)2dx—§f58(2+4x)2dx

21 [n (1+2x\ 1 [n _(1+2x\ 1 (1 )
=— - —,[=erf - —,/—=erfi + —sinh | = + 2x + 2x
4 16V2 V2 ] 16\2 N 2

Mathematica [A] time = 0.20472, size = 88, normalized size = 1.17

2 1 1 1 1
:x_+_sjnh §+2x+2x2 —chosh(§+2x+2x2) dx

—V2enEr f(2x+1) V2erErfi (Zx ) + 84/ex? + 2(1 + e) sinh(2x(x + 1)) + 2(e — 1) cosh(2x(x + 1))
32+/e

Antiderivative was successfully verified.

[In] Integrate[x*Cosh[1/4 + x + x72]72,x]

[Out] (8*Sqrt[E]*x72 + 2x(-1 + E)*Cosh[2*x*(1 + x)] - Sqrt[2*ExPi]*Erf[(1 + 2*x)/
Sqrt[2]] - Sqrt[2+ExPi]*Erfi[(1 + 2*x)/Sqrt[2]] + 2x(1 + E)*Sinh[2*x*(1 + x
)1)/(32%Sqrt [E])

Maple [C] time = 0.046, size = 75, normalized size = 1.

2 o1 (1+2r) \/_ \2

416

(\/_ \/_) + lemin2 - éx/ﬁ\/iErf (i\/ﬁx + %\/5)

16
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cosh(1/4+x+x"2)"2,x)

[Out] 1/4*x72-1/16%exp(-1/2x(1+2*x)~2)-1/32+%P1~(1/2) %27 (1/2)*xerf (27 (1/2) *x+1/2%2~
(1/2))+1/16%exp (1/2% (1+2%x) "2)+1/32+I*Pi~ (1/2) %27 (1/2) *erf (I*27(1/2) *x+1/2%
Ix27(1/2))

Maxima [C] time = 1.80211, size = 163, normalized size = 2.17

1

) . \/E(2x+1)(erf(\/gw/—(2x+1)2)—1) . few?)| 1 iﬁ(2x+1)(erf(£,/(2x+1)2)

2 \/E_

- — - e - —1
4% \J-Q2x +1) 32 J2x+1)?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x72)72,x, algorithm="maxima"

[Out] 1/4*x72 - 1/32xsqrt(2)*(sqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt(-(2xx + 1)72
)) - 1)/sqrt(-(2%x + 1)72) - sqrt(2)*xe”(1/2%(2%x + 1)72)) - 1/32%I*sqrt(2)*
(-Ixsqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt((2*x + 1)72)) - 1)/sqrt((2*x + 1

)72) - Ixsqrt(2)xe”(-1/2*%(2*xx + 1)72))

Fricas [A] time = 2.27742, size = 263, normalized size = 3.51
2x2+2x+%) 49 e(4x2+4x+1) _ 2)6(—23(2_2‘

1 (8 x23(2x2+2x+%) _ \/E(\/E erf(% V22 x + 1)) +V2erfi (% V22 x + 1)))e(

32
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x72)"2,x, algorithm="fricas")

[Out] 1/32%(8*x72xe”(2*x72 + 2xx + 1/2) - sqrt(pi)*(sqrt(2)*erf (1/2*xsqrt(2)*(2*x
+ 1)) + sqrt(2)*erfi(1/2xsqrt(2)*(2*xx + 1)))*e”(2%x72 + 2xx + 1/2) + 2xe” (4
*x72 + 4xx + 1) - 2)*%e”(-2%x72 - 2%x - 1/2)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxcoshz (x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x**2)**2, %)

[Out] Integral(x*cosh(x**2 + x + 1/4)**2, x)

Giac [C] time = 1.23854, size = 95, normalized size = 1.27
1 (—2x2—2x—%)

1 1 1 1. 1. 1 (2x2+2x+1)
2o fl= + S fl—= + 4+ — 2) _
1 X = \/5\/71 er (2 \/E(Zx 1)) 321\/5\/71 er ( 21 \/E(Zx 1)) 6 e 16 e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cosh(1/4+x+x72)"2,x, algorithm="giac")

[Out] 1/4*x72 - 1/32%sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2*x + 1)) - 1/32*Ixsqrt(2)
xsqrt (pi)*erf (-1/2*%Ixsqrt(2)*(2*xx + 1)) + 1/16%e”(2*%x72 + 2xx + 1/2) - 1/16
xe” (-2%x72 - 2*xx - 1/2)



98

3.26 fcos_‘h2 (}L +x+ xz) dx

Optimal. Leaf size=56

1 |m 2x+1 1 |« 2x+1 X

[Out] x/2 + (Sqrt[Pi/21*Erf[(1 + 2#x)/Sqrt[2]11)/8 + (Sqrt[Pi/21+Erfil(1 + 2%x)/Sq
rt[2]]1)/8

Rubi [A] time = 0.034158, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 11, e -

0.454, Rules used = {6377, 5375, 2234, 2204, 2205}

NRCIC NN NG
8V 2 V2 ] 8\2 V2 ]2

Antiderivative was successfully verified.

integrand size

[In] Int[Cosh[1/4 + x + x~2]72,x]

[Out] x/2 + (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]]1)/8 + (Sqrt[Pi/2]*Erfi[(1 + 2xx)/Sq
rt[2]11)/8

Rule 5377

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Cosh[a + b*x + c*x72]°n, x], x] /; FreeQ[{a, b, c}, x] & IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E™(
a + bxx + c*xx”2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]l), 211)/(2*d*Rt[-(bxLoglFl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
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fcosh2(31+x+x2) dx = f(%+%cosh(%+2x+2x2)) dx

1 1
X4z cosh(§+2x+2x2) dx

2 2
— f +1 e—%—Zx—sz dx+1fe%+2x+2x2 dx
2 4 4
1 R 1 1
= ;—C t1)¢ s gy Zf68(2+4x)2 dx

_x+1\/E e[1+2x +1\/? a2
27N\ T ) sV T

Mathematica [A] time = 0.0718669, size = 48, normalized size = 0.86

% (@Erf(%) + \2rErfi (%) n 8x)

Antiderivative was successfully verified.

[In] Integrate[Cosh[1/4 + x + x72]72,x]

[Out] (8*x + Sqrt[2#Pi]*Erf[(1 + 2%x)/Sqrt[2]] + Sqrt[2*Pi]*Erfi[(1 + 2%x)/Sqrt[2
11)/16

Maple [C] time = 0.039, size = 49, normalized size = 0.9

X
—+
2

5 5 . .
V2l Vs Y2 - L am iV s 142

16 2] 16 2
Verification of antiderivative is not currently implemented for this CAS.
[In] int(cosh(1/4+x+x"2)"2,x)

[Out] 1/2*x+1/16*Pi~(1/2)*27(1/2)*erf (27 (1/2)*x+1/2*27(1/2))-1/16xI*Pi~(1/2)*2" (1
/2)*xerf (Ix27(1/2)*x+1/2xI*x2~(1/2))

Maxima [C] time = 1.52938, size = 61, normalized size = 1.09
1 1 1, . 1, 1
—\/Eﬁerf Vox + = V2| - —ivaymerf|ivVax + =iv2|+ = x
16 2 16 2 2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(1/4+x+x72)72,x, algorithm="maxima")

[Out] 1/16%*sqrt(2)*sqrt(pi)*erf(sqrt(2)*x + 1/2%sqrt(2)) - 1/16%I*sqrt(2)*sqrt(pi
)*kerf (Ixsqrt(2)*x + 1/2%Ixsqrt(2)) + 1/2*x
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Fricas [A] time = 2.15691, size = 132, normalized size = 2.36
1 1 1 1
16 \/%(\/Eerf(i \/E(Zx + 1)) +V2erfi (E \/E(Zx + 1))) + 5 X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(1/4+x+x72)72,x, algorithm="fricas")

[Out] 1/16x*sqrt(pi)*(sqrt(2)*erf(1/2*sqrt(2)*(2xx + 1)) + sqrt(2)*erfi(1/2*xsqrt(2
Yk(2xx + 1))) + 1/2xx

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fcosh2 (x2 +x+ 4_1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x**2)**2,x)

[Out] Integral(cosh(x**2 + x + 1/4)**2, x)

Giac [C] time = 1.24342, size = 57, normalized size = 1.02
1 1 1, 1. 1
— \/E\/Eerf = \/E(Zx +1) |+ —i \/E\/Eerf —=i \/E(Zx +1) |+ =x
16 2 16 2 2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cosh(1/4+x+x~2)72,x, algorithm="giac")

[Out] 1/16%sqrt(2)*sqrt(pi)*erf(1/2xsqrt(2)*(2*x + 1)) + 1/16*I*sqrt(2)*sqrt(pi)*
erf (-1/2*%Ixsqrt(2)*(2*x + 1)) + 1/2*x
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Cosh2(1+x+x2)
d

4
327 X
X
Optimal. Leaf size=30
2 1
1 cosh (Zx +2x + —) ]
EUnintegrable " 2 Jx |+ ng(x)

[Out] Logl[x]/2 + Unintegrable[Cosh[1/2 + 2*x + 2*x~2]/x, x]/2

Rubi [A] time = 0.0319165, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

0., Rules used = {}

1
cosh® (Z +x+ x2)

f dx
X

Verification is Not applicable to the result.

[In] Int[Cosh[1/4 + x + x72]°2/x,x]

[Out] Loglx]/2 + Defer[Int] [Cosh[1/2 + 2*xx + 2*x~2]/x, x]/2

Rubi steps

cosh (% +2x + 2x2)

2x

dx

1 2
log(x) 1 cosh(i +2x + 2x )
= + —f dx
2 2 X

Mathematica [A] time = 10.6999, size = 0, normalized size = 0.

2 (1
cosh (Z +x+ xz)

f dx
X

Verification is Not applicable to the result.

[In] Integrate[Cosh[1/4 + x + x72]72/x,x]

[Out] Integrate[Cosh[1/4 + x + x72]72/x, x]

Maple [A] time = 0.054, size = 0, normalized size = 0.

2
1 1
f—(cosh(— +x+x2)) dx
X 4
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(1/4+x+x"2)7"2/x,x)

[Out] int(cosh(1/4+x+x"2)"2/x,%)

Maxima [A] time = 0., size = 0, normalized size = 0.
1 e(2x2+2x+%) 1 e(—2x2—2x—%) 1
—f—dx+— ———dx+ = log(x)
4 X 4 X 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x~2)"2/x,x, algorithm="maxima"

[Out] 1/4*integrate(e”™(2*x72 + 2%x + 1/2)/x, x) + 1/4*xintegrate(e”™(-2%x"2 - 2*x -
1/2)/x, x) + 1/2*log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
cosh (xz +x+ Z)

integral X
& X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(1/4+x+x72)"2/x,x, algorithm="fricas")

[Out] integral(cosh(x”"2 + x + 1/4)72/x, %)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
cosh? (x2 +x+ Z)

J—=

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(cosh(1/4+x+x**2)**2/x,%)

[Out] Integral(cosh(x**2 + x + 1/4)**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

2
cosh (xz +x+ 1)
d

4
X
X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(1/4+x+x72)72/x,x, algorithm="giac")

[Out] integrate(cosh(x"2 + x + 1/4)72/x, x)
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3.28 f (d + ex)? cosh (a + bx + cxz) dx

Optimal. Leaf size=261

P2 2

b2 b b2
e (2cd — be)Exf (%) Ve & (2cd — be)PErfi (%) \/Hezefc_”Erf(b;jgx) VA T Exfi (b;fg) .
16c52 " 16c52 M 8c3/2 - 8c3/2 T

[Out] (e"2+E~(-a + b~2/(4*c))*Sqrt [Pil*Erf[(b + 2x*c*x)/(2*Sqrtlc])])/(8*c~(3/2))
+ ((2xc*d - bxe) 2*E~(-a + b2/ (4*c))*Sqrt [Pi]*Erf [(b + 2*cxx)/(2*Sqrt[c])]

)/ (16%xc™(5/2)) - (e”2+#E"(a - b~2/(4%*c))*Sqrt[Pi]*Erfi[(b + 2*c*x)/(2xSqrt[c
1)1)/(8%c™(3/2)) + ((2*%cxd - bxe) "2*E~(a - b~2/(4*c))*Sqrt [Pi]*Erfil[(b + 2%
c*xx)/(2xSqrt[c])])/(16%xc~(5/2)) + (ex(2xc*d - b*e)*Sinh[a + bxx + c*x72])/(
4xc”2) + (ex(d + exx)xSinh[a + b*x + c*xx~2])/(2xc)

Rubi [A] time = 0.172052, antiderivative size = 261, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 19, e o e

= 0.368, Rules used = {5387, 5374, 2234, 2204, 2205, 5383, 5375}

integrand size

2

b b2 b2 b2
JTe® ™ (2cd - be)?Exf (M“‘) 7™ (20d - be)?Erfi (“ZC") \/Hezefc_”Erf(b+zcx) R T Exfi (“22"
+ —

G 2ve ) 2y 2 ) LS
16¢52 16c52 8c3/2 8c3/2

Antiderivative was successfully verified.

[In] Int[(d + e*xx)"2*Cosh[a + b*x + c*x~2],x]

[Out] (e™2+E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf[(b + 2x*c*x)/(2xSqrtlc])])/(8*c~(3/2))
+ ((2%cxd - bxe) "2*xE~(-a + b~2/(4%*c))*Sqrt [Pi]*Erf [(b + 2xc*x)/(2*Sqrt[c]l)]

)/ (16%c™(5/2)) - (e"2+xE~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2xc*x)/(2*Sqrtl[c
1)1)/(8*%c™(3/2)) + ((2xcxd - bxe) 2+#E~(a - b~2/(4*c))*Sqrt [Pi]l*Erfi[(b + 2%
cxx)/(2*%Sqrtc])])/(16*xc~(5/2)) + (ex(2*cxd - b*xe)x*Sinh[a + bxx + c*xx~2])/(
4xc”2) + (ex(d + exx)*Sinh[a + b*x + c*xx~2])/(2xc)

Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)"(m - 1)*Sinh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*xx~2], x], x]

- Dist[(bxe - 2%c*xd)/(2*%c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*x"2], x]
, x1) /; FreeQl{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*xd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x]1, x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + dxx)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
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F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(b*Logl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x~2])/(2%c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rubi steps

e(d + ex) sinh (a +bx + cxz) ¢? [ sinh (a +bx + cxz) dx  (~2cd +be) [(d-

f (d + ex)? cosh (a +bx + cxz) dx

2c 2c
e(2cd — be) sinh (a +bx + cxz) e(d + ex) sinh (a +bx + cxz) e[ ma-bx—cx
= + +
4¢? 2c 4c

e(2cd — be) sinh (a + bx + cxz) e(d + ex) sinh (a +bx + cxz) (2cd - be)? [
+ +

4c2 2c 8¢
> —u+£ b+2cx > a_f b+2cx
et i /rerf N Vrerfi v ) e(2cd - be)sinh (a + bx +
- 8c3/2 B 8¢3/2 * 4c2
¥ 2 b2
> —a+—c b+2cx _ 2 —1,1+—C b+2cx 20— llZ
e 4ﬁerf(2\/5)+(2cd be)?e 4\/Eerf(—2\/z)_ee 4\/Eerﬁ(2V
B 8312 1652 8312

Mathematica [A] time = 0.527869, size = 194, normalized size = 0.74

\r (bze2 + 2ce(e — 2bd) + 4c2d2) Erf (b;z/;x) (cosh (a -~ Z—i) —sinh (a -~ Z—i)) +4/n (b2 2 _ 2ce(2bd + e) + 4czd2) Erfi
16¢5/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 2*Cosh[a + bxx + c*x~2],x]

[Out] ((4*c™2*%d"2 + b72%e™2 + 2*c*xe*x(-2%b*d + e))*Sqrt [Pi]*Erf[(b + 2xcxx)/(2xSqr
t[c])]1*(Cosh[a - b~2/(4%c)] - Sinh[a - b~2/(4%*c)]) + (4*c™2*d"2 + b 2%e™2 -
2xckex (2xbxd + e))*Sqrt [Pil*Erfi[(b + 2+%c*x)/(2xSqrt[c])]1*(Cosh[a - b~2/(4

*c)] + Sinh[a - b72/(4*c)]) + 4xSqrtlclxe*(4xc*d - bke + 2xc*exx)*Sinh[a +

xk(b + cxx)])/(16%c”~(5/2))
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Maple [B] time = 0.056, size = 493, normalized size = 1.9

2Ve

42 4 ac—b2 b1 1 2 . n—CX2—bx—a 2} —cx2—bx-a b2e2 _4M_b2 b1
\/Ee 4c Erf(\/zx + = ) cxe cue + ¢ ﬁe ic Erf (\/EX + 5_
c

1 i i w) 5

_2 T _
- 2 4+
Ve ic 8c2 16 ‘ § *

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "2*cosh(c*x 2+b*x+a),x)

[Out] 1/4*d~2xPi~(1/2)*exp(-1/4*(4*xa*xc-b~2)/c)/c”~(1/2)*erf(c™(1/2)*x+1/2xb/c~(1/2
))-1/4xe”2/cxx*exp (-c*x~2-b*x-a)+1/8%e~2*b/c 2*exp (-c*x~2-b*x-a)+1/16%e~2*Db
~2/c”(5/2)*Pi~(1/2) *exp(-1/4* (4*axc-b~2) /c)*erf (c~(1/2) *x+1/2%b/c~(1/2))+1/
8%e~2/c”(3/2)*Pi~ (1/2) *exp(-1/4* (4*a*xc-b~2)/c)*erf (c~(1/2)*x+1/2%b/c”(1/2))
-1/2*xd*e/cxexp(-c*x~2-b*x-a)-1/4*d*exb/c”(3/2)*Pi~(1/2) *exp(-1/4* (4*a*xc-b~2
)/c)*erf (c™(1/2)*x+1/2*b/c”(1/2))-1/4*d"2*Pi~ (1/2) *exp (1/4* (4xaxc-b"~2) /c)/(
-c)~(1/2) *erf (-(-c)~(1/2) *x+1/2%b/ (-c) ~(1/2) ) +1/4*e~2/c*x*exp (c*xx~2+b*x+a) -
1/8%e~2%b/c~2*%exp (c*xx~2+b*x+a) -1/16%e~2*b~2/c"2+Pi~ (1/2) *exp (1/4* (4*a*c-b~2
)/c)/(-c)~(1/2)*erf (-(-c)~(1/2) *x+1/2*b/(-c) ~(1/2))+1/8xe~2/c*Pi~(1/2) *exp(
1/4x (4*xaxc-b"2) /c)/(~c)~(1/2)*erf (-(-c) " (1/2) *x+1/2*b/ (-c) " (1/2) ) +1/2*d*e/c
xexp (c*x™2+bxx+a) +1/4*xd*exb/c*Pi~ (1/2) *exp(1/4* (4xa*xc-b"2)/c)/(-c)~(1/2) *er
f(-(-c)~(1/2)*x+1/2%b/(-c)~(1/2))

Maxima [B] time = 1.50754, size = 724, normalized size = 2.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*cosh(c*x~2+b*x+a),x, algorithm="maxima"

[Out] 1/4*sqrt(pi)*d~2*erf(sqrt(-c)*x - 1/2*b/sqrt(-c))*e~(a - 1/4%b~2/c)/sqrt(-c
) + 1/4*sqrt(pi)*d~2*erf(sqrt(c)*x + 1/2%b/sqrt(c))*e”(-a + 1/4*%b"2/c)/sqrt
(c) - 1/4x(sqrt(pi)*(2*c*x + b)*b*x(erf(1/2xsqrt(-(2*c*x + b)~2/c)) - 1)/(sq
rt(-(2%c*xx + b)~2/c)*c”(3/2)) - 2xe” (1/4x(2xc*x + b)~2/c)/sqrt(c))*d*exe”(a
- 1/4xb~2/c)/sqrt(c) + 1/16x(sqrt(pi)*(2xcxx + b)*b~2*(erf (1/2*sqrt (- (2*c*
X + b)72/c)) - 1)/(sqrt(-(2*c*xx + b)~2/c)*c”(5/2)) - 4xb*xe” (1/4%(2%c*x + b)
~2/c)/c”(3/2) - 4*x(2*xc*x + b) "3xgamma(3/2, -1/4%(2%c*x + b)~2/c)/((-(2*c*x
+ b)72/c)"(3/2)*%c™(6/2)))*e"2*xe” (a - 1/4xb~2/c)/sqrt(c) - 1/4*(sqrt(pi)*(2x*
c*x + b)*bx(erf (1/2xsqrt((2*cxx + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)
~(3/2)) + 2%cxe” (-1/4%(2*c*x + b)72/c)/(-c)”~(3/2))*d*exe”(-a + 1/4xb~2/c)/s
qrt(-c) - 1/16x(sqrt(pi)*(2xc*x + b)*b"2x(erf (1/2*sqrt ((2xc*x + b)~2/c)) -
1)/ (sqrt ((2%c*x + b)72/c)*(-c)7(5/2)) + 4xb*cxe™ (-1/4*(2*c*x + b)~2/c)/(-c)
~(6/2) - 4x(2xc*x + b) "3*kgamma(3/2, 1/4*x(2%c*x + b)~2/c)/(((2%c*xx + b)~2/c)
~(38/2)*(-c)~(5/2)))*e"2xe" (-a + 1/4%b~2/c)/sqrt(-c)

Fricas [B] time = 2.23463, size = 1508, normalized size = 5.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*cosh(c*x~2+b*x+a),x, algorithm="fricas")
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[Out] -1/16%(4*xc™2xe"2xx + 8*c~2*d*e - 2*bkcke™2 — 2x(2xc™2%e”2%x + 4*c ™ 2*d*e — b
xcke"2)*cosh(c*x™2 + b*x + a)72 + sqrt(pi)*((4xc™2%d"2 - 4xbkxcxd*e + (b"2 -
2%c)*e"2)*xcosh(c*x™2 + bxx + a)*cosh(-1/4%x(b~2 - 4xaxc)/c) + (4xc™2xd"2 -
4xbxcxdxe + (D72 - 2*c)*e”2)*cosh(c*x™2 + bxx + a)*sinh(-1/4*%(b"2 - 4x*ax*xc)/
c) + ((4%c™2%d"2 - 4xb*xckxd*e + (b72 - 2*c)*e”2)*cosh(-1/4*x(b"2 - 4*axc)/c)
+ (4%c™2*%d"2 - 4dxbxckxdxe + (b™2 - 2*xc)*e”2)*sinh(-1/4*(b~2 - 4x*xa%*c)/c))*sin
h(c*x™2 + bxx + a))*sqrt(-c)*erf (1/2x(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((4
*cT2%d"2 - 4xbxckxdxe + (b72 + 2*c)*e”2)*cosh(c*x™2 + b*x + a)*cosh(-1/4x(b~
2 - 4xaxc)/c) - (4xc™2xd"2 - 4xbxckxd*xe + (b72 + 2*c)*e”2)*cosh(c*x™2 + b*x
+ a)*sinh(-1/4*(b"2 - 4x*axc)/c) + ((4*xc™2*xd"2 — 4xbxckxd*xe + (b™2 + 2*c)*e”2
)Y*¥cosh(-1/4*x(b~2 - 4xaxc)/c) - (4*c™2*xd"2 - 4dxbxckd*xe + (b™2 + 2*c)*e”2)*si
nh(-1/4%(b~2 - 4x*axc)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf(1/2x(2*cxx + b
)/sqrt(c)) - 4*x(2%c™2%e”2xx + 4*c”2xd*e - bkcxe”2)*cosh(c*x™2 + bxx + a)*si
nh(c*x™2 + b*x + a) — 2% (2*%xc™2%e”2xx + 4*xc " 2*d*e - bxcxe 2)*sinh(c*x™2 + bx*

x + a)”2)/(c"3*cosh(c*x™2 + b*x + a) + c~3*sinh(c*x”2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex)? cosh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*cosh(c*x**2+b*x+a) ,x)

[Out] Integral((d + exx)**2xcosh(a + b*x + ckx**2), x)

Giac [A] time = 1.27384, size = 522, normalized size = 2.

b2—4actdc
ﬁdZerf(‘N(z“}f))e(#) \/%dzerf(—%\/—_c(Zx+%))e(_bz‘*iac) ﬁbdeff(-%ﬁ(?’f))f( - )_2 )
B +

I PRVar: ic

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*d~2%erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x(b~2 - 4x*axc)/c)/sqr
t(c) - 1/4xsqrt(pi)*d~2*erf(-1/2*sqrt(-c)*(2*xx + b/c))*e”(-1/4*(b~2 - 4xaxc
)/c)/sqrt(-c) + 1/4x(sqrt(pi)*b*xd*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4*(b"2

- 4xaxc + 4xc)/c)/sqrt(c) - 2*d*e”(-c*x"2 - b*x - a + 1))/c + 1/4*(sqrt(pi

) ¥bxd*erf (-1/2*sqrt (-c)*(2xx + b/c))*e”(-1/4*%(b~2 - 4*axc - 4xc)/c)/sqrt(-c

) + 2xd*e”(c*x"2 + b*xx + a + 1))/c - 1/16*(sqrt(pi)*(b~2 + 2*c)*erf(-1/2%xsq
rt(c)*(2xx + b/c))*e”(1/4x(b"2 - 4xa*xc + 8xc)/c)/sqrt(c) + 2x(c*x(2*x + b/c)

- 2%b)*e”(-c*x72 - b*xx - a + 2))/c”2 - 1/16%(sqrt(pi)*(b~2 - 2x*c)*erf(-1/2

xsqrt (-c)*(2*x + b/c))*e”(-1/4% (b2 - 4*axc - 8*c)/c)/sqrt(-c) - 2x(c*x(2xx

+ b/c) - 2xb)*e”(c*x™2 + b*x + a + 2))/c”2
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3.29 f(d + ex) cosh (a + bx + cxz) dx

Optimal. Leaf size=128

b2 b2
JreE " (2cd - be)Erf(b;z/;x) Ve E (2cd - be)Exfi (%) esinh (a + b + cx2)
8c3/2 " 8¢3/2 " 2c

[Out] ((2%c*xd - bxe)*E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2%c*x)/(2xSqrt[c])])/(8
xc~(3/2)) + ((2%cxd - bxe)*E~(a - b~2/(4*c))*Sqrt[Pi]*Erfi[(b + 2x%c*x)/(2*S
qrtlc])1)/(8xc™(3/2)) + (exSinh[a + b*x + c*x72])/(2*c)

Rubi [A] time = 0.0599674, antiderivative size = 128, normalized size of antiderivative

. . ber of rul
= 1., number of steps used = 6, number of rules used = 5, integrand size = 17, fumper o e

= 0.294, Rules used = {5383, 5375, 2234, 2204, 2205}

integrand size

b2 b2
Ve (e - be)Brf (M5 ) Ve 2ed - bo)Bnfi (5] i (a4 b + )
8c3/2 * 8c3/2 " 2c

Antiderivative was successfully verified.

[In] Int[(d + exx)*Coshl[a + b*x + cxx"2],x]

[Out] ((2*c*d - bxe)*E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2%c*x)/(2xSqrt[c])])/(8
*c~(3/2)) + ((2%c*xd - b*xe)*E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2xcxx)/(2%S
qrt[c])1)/(8*c~(3/2)) + (exSinh[a + b*x + cxx~2])/(2%c)

Rule 5383

Int[Cosh[(a_.) + (b_)*(x) + (c_.)*(x)"2]1%((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)”2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]l), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
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eeQ[{F, a, b, ¢, d}, x] && NegQ[b]

Rubi steps

esinh (a + bx + cxz) (—2cd + be) [ cosh (a +bx + cxz) dx

f(d + ex) cosh (a +bx + cxz) dx =

2c 2c

esinh (a + bx + sz) (2¢d — be) f ema-br-e® gy (2cd — be) f ertbrrer? gy

- 2c " 4c " 4c
b2 (b+2cx? P ~

esinh (a + by + sz) ((ch be)e"” 4c) f e 4 dx ((ZCd — be)e 4c) f e

- 2c " 4c " 4c
»2

(2cd — be)e " % \[merf (b;z/;x) (2cd — be)e™” 4c \/_ erfi (b+\2/fx) esinh (a + b

B 8¢3/2 " 8¢3/2 2c

Mathematica [A] time = 0.232393, size = 146, normalized size = 1.14

1 (2cd — be)Er f(b+2cx) (cosh (a - Z—i) —sinh (a -~ Z—i)) + /r(2cd — be)Erfi (b+\z/c_x) (s' h (a -~ Z—Z) + cosh (a -~ Z—i))

\/_
8¢3/2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*Cosh[a + b*x + c*x~2],x]

[Out] ((2*c*d - bxe)*Sqrt[Pi]*Erf[(b + 2xc*x)/(2*Sqrt[c])]*(Coshla - b~2/(4*c)] -
Sinh[a - b~2/(4*xc)]) + (2xcxd - bxe)*Sqrt[Pi]l*Erfi[(b + 2*cxx)/(2*Sqrtlcl)
1x(Coshl[a - b72/(4xc)] + Sinh[a - b72/(4*c)]) + 4+Sqrtlcl*exSinh[a + x*(b +
cxx)])/(8%c™(3/2))

Maple [B] time = 0.036, size = 211, normalized size = 1.7

27,

1 eeex'hxa be\/— tact? b1\ 3 dym sect?
—_ —_ 4c E f — .
2\/_)\/_ P Erf(\/—x+2\/z) 2 1€ r( \/_cx+:

Verification of antiderivative is not currently implemented for this CAS.

4ac b2
Erf (\/_x +

[In] int((exx+d)*cosh(c*x~2+b*x+a),x)

[Out] 1/4*d*Pi~(1/2)*exp(-1/4*(4*a*xc-b"2)/c)/c”(1/2)*erf(c”™(1/2)*x+1/2%b/c™(1/2))
-1/4xe/c*xexp(-c*x~2-b*x-a)-1/8*%exb/c~(3/2)*Pi~(1/2) *exp (-1/4* (4*a*c-b~2)/c)
xerf (c™(1/2) *x+1/2%b/c™(1/2))-1/4%d*Pi~ (1/2) *exp(1/4* (4*a*xc-b~2)/c)/(-c)~ (1
/2)*xerf (-(-c)~(1/2) *x+1/2%b/(-c) ~(1/2))+1/4xe/c*xexp (cxx~2+b*x+a)+1/8*exb/cx*
Pi~(1/2)*exp(1/4* (4*xaxc-b"2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2)*x+1/2xb/(-c)~(1/

2))

Maxima [B] time = 1.37208, size = 343, normalized size = 2.68

2cx+b 2
Vr (26x+b)b[er([ _{ cxc+> ] 1] ze[ecﬁb) ] (a__
¥ 2 - ee
_‘”47) @ex+h)? 3 Ve

\rd erf (\/—_cx - ZL\/__C) e(a_rc) \nd erf (\/Ex + ZL\/E) e( -
iV ' e i 8 e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*cosh(c*x~2+b*x+a),x, algorithm="maxima"

[Out] 1/4*sqrt(pi)*dxerf(sqrt(-c)*x - 1/2*b/sqrt(-c))*e~(a - 1/4%b~2/c)/sqrt(-c)
+ 1/4*sqrt(pi)*d*erf (sqrt(c)*x + 1/2xb/sqrt(c))*e”(-a + 1/4*b~2/c)/sqrt(c)

- 1/8%(sqrt (pi)*(2*c*x + b)*b*(erf (1/2*sqrt(-(2%c*x + b)~"2/c)) - 1)/(sqrt(-
(2%c*x + b)72/c)*c”(3/2)) - 2xe”(1/4x(2xc*x + b)~2/c)/sqrt(c))*e*xe”(a - 1/4
*b~2/c)/sqrt(c) - 1/8*(sqrt(pi)*(2*cxx + b)*bx(erf(1/2*sqrt((2xc*x + b)~2/c

)) = 1)/(sqrt((2*xc*x + b)~2/c)*(-c)~(3/2)) + 2*xcxe” (-1/4*(2*xc*xx + b)~2/c)/(
-c)~(3/2))*exe”(-a + 1/4%b"2/c)/sqrt(-c)

Fricas [B] time = 2.24789, size = 1033, normalized size = 8.07

2 ce cosh (cx2 +bx + a)2 + 4 cecosh (cx2 +bx + a) sinh (cx2 +bx + a) + 2cesinh (cx2 +bx + a)2 - \/E((Z cd — be) cos|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*cosh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2xcxexcosh(c*x™2 + b*x + a)”2 + 4xckexcosh(c*x™2 + b*x + a)*sinh(cxx~2
+ b*x + a) + 2*cxe*xsinh(c*x™2 + b*x + a)”2 - sqrt(pi)*((2xc*d - b*e)*cosh(
c*x”2 + bxx + a)*cosh(-1/4%(b"2 - 4xax*xc)/c) + (2%c*d - bxe)*cosh(c*x~2 + bx
x + a)*sinh(-1/4*%(b”"2 - 4xaxc)/c) + ((2%cxd - bxe)*cosh(-1/4%(b~2 - 4*axc)/
c) + (2%cxd - bxe)*sinh(-1/4%(b~2 - 4*a*c)/c))*sinh(c*x™2 + b*x + a))*sqrt(
—c)xerf (1/2*%(2xc*xx + b)xsqrt(-c)/c) + sqrt(pi)*((2*c*d - b*e)*cosh(c*x"2 +
b*x + a)*cosh(-1/4x(b~2 - 4x*a*xc)/c) - (2%ckd - bxe)*cosh(c*x™2 + b*x + a)*s
inh(-1/4%(b~2 - 4*axc)/c) + ((2%c*xd - bxe)*cosh(-1/4x(b~2 - 4xa*xc)/c) - (2%
ckd - b*e)*sinh(-1/4*%(b"2 - 4xax*c)/c))*sinh(c*xx"2 + b*x + a))*sqrt(c)x*erf (1
/2% (2*%cxx + b)/sqrt(c)) - 2*xcxe)/(c"2*cosh(c*x™2 + b*x + a) + c”2*sinh(c*x”
2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f(d + ex) cosh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*cosh(c*x**2+b*x+a) ,x)

[Out] Integral((d + e*x)*cosh(a + b*x + c*x**2), X)

Giac [B] time = 1.23379, size = 282, normalized size = 2.2

b2—4ac+dc
Vatert (-] \ﬁ(zﬂg))e(ﬁ;‘i“) VRt (-} \/_—C(Zﬂg))e(—bz;i“) ﬁberf(—%fc(zz%))e( i )_26<_sz_;,;
- - +

e i< 8¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)*cosh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*d*xerf(-1/2xsqrt(c)*(2*xx + b/c))*e”(1/4*(b"2 - 4*axc)/c)/sqrt(
c) - 1/4xsqrt(pi)*dxerf(-1/2*sqrt(-c)*(2*x + b/c))*e~(-1/4%(b~2 - 4x*axc)/c)
/sqrt(-c) + 1/8*(sqrt(pi)*bxerf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4%x(b"2 - 4xa
xc + 4xc)/c)/sqrt(c) - 2*e~(-c*x"2 - b*x - a + 1))/c + 1/8*(sqrt(pi)*b*erf (
-1/2*xsqrt(-c)*(2*x + b/c))*e”(-1/4%x(b"2 - 4xa*xc - 4*c)/c)/sqrt(-c) + 2xe~(c

*x72 + bxx + a + 1)) /c
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dx

3.30 f cosh(a+bx+cx2)

Optimal. Leaf size=21

d+ex

cosh (a +bx + cxz)
d+ex

, X

Unintegrable (

[Out] Unintegrable[Cosh[a + b*x + cxx"2]/(d + ex*x), x]

Rubi [A] time = 0.0153, antiderivative size = 0, normalized size of antiderivative = 0.,
. . ber of rul

number of steps used = 0, number of rules used = 0, integrand size = 0, oo,
integrand size

Rules used = {}

dx

cosh (a + bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Int[Coshl[a + b*x + c*x"2]/(d + ex*xx),x]

[Out] Defer[Int] [Cosh[a + b*x + c*x"2]/(d + e*x), x]

Rubi steps

f cosh (a +bx + cxz) ; f cosh (a +bx + cxz) ;
x = X

d+ex d+ex

Mathematica [A] time = 2.46225, size = 0, normalized size = 0.

dx

cosh (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x + c*x72]/(d + ex*x),x]

[Out] Integrate[Cosh[a + b*x + c*x72]/(d + exx), x]

Maple [A] time = 0.079, size = 0, normalized size = 0.

dx

cosh (cx2 +bx + a)
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(c*x~2+b*xx+a)/(exx+d),x)

[Out] int(cosh(c*xx~2+bxx+a)/(e*x+d),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

dx

cosh (cx2 +bx + a)
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*x+a)/(e*x+d),x, algorithm="maxima"

[Out] integrate(cosh(c*x™2 + b*x + a)/(exx + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 +bx + a)
ex+d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)/(e*x+d),x, algorithm="fricas")

[Out] integral(cosh(c*x™2 + b*x + a)/(e*xx + d), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

cosh (a +bx + cxz)
f d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(cxx**2+b*x+a)/(e*xx+d) ,x)

[Out] Integral(cosh(a + b*x + c*x**2)/(d + e*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

cosh (cx2 +bx + a)
f ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a)/(e*xx+d),x, algorithm="giac")

[Out] integrate(cosh(c*x"2 + b*x + a)/(exx + d), x)
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3.31 f (d + ex)? cosh® (a + bx + cx2) dx

Optimal. Leaf size=311

b2
z —C—2a _ 2 b+2cx \/? 2a— 5 2 (b+2€x) \/7 2,57 —2a (b+26x) \/7 2 20— R (b+2cx\
\/:eZ (2cd be)Erf(\/_\/_) = (2cd - bePExi (2% con Ve (22) zEﬁmE)
32¢5/2 3252 32¢3/2 32¢3/2

[Out] (d + exx)"3/(6xe) + (e"2*E~(-2*a + b~2/(2%c))*Sqrt [Pi/2]1*Erf[(b + 2xcxx)/(S
qrt [2]*Sqrt[c])])/(32%xc~(3/2)) + ((2%c*d - bxe) "2+E~(-2*a + b~2/(2xc))*Sqrt
[Pi/2]*#Erf [(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/(32%xc~(5/2)) - (e"2+#E~(2*a - b~2
/(2xc))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])])/(32xc~(3/2)) + ((2%
cxd - bxe) 2*E~(2*a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrt[
c])1)/(32%c™(5/2)) + (ex(2xc*d - bke)*Sinh[2*a + 2%b*x + 2xc*xx"2])/(16%c”2)

+ (ex(d + exx)*Sinh[2%a + 2xbxx + 2*c*xx~2])/(8*c)

Rubi [A] time = 0.385622, antiderivative size = 311, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 8, integrand size = 21, number of rules

= 0.381, Rules used = {5395, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

—2a 2 b+2cx \/? 20— : 2 (b+2cx) \/’ 2,50 —2a (b+2cx) \/’ 5 20— - (b+2cx\
\/Zez (2cd — be)Ef(\/_\/_) E (20d - bePExi (2% con Ve (22) | zEﬁM)
32¢5/2 32¢5/2 32¢3/2 32¢3/2

integrand size

Antiderivative was successfully verified.

[In] Int[(d + e*xx) 2*Coshl[a + b*x + c*xx~2]72,x]

[Out] (d + exx)"3/(6xe) + (e"2*E~(-2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2xcxx)/(S
qrt [21*Sqrt [c])]1)/(32%c~(3/2)) + ((2*cxd - bxe) "2+#E~(-2%a + b~2/(2*c))*Sqrt
[Pi/2]*Erf [(b + 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32%c™(5/2)) - (e72*E"(2*a - b~2
/(2xc))*Sqrt [Pi/2]*Erfi[(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) + ((2%
ckd - bxe) 2+E~(2*%a - b72/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2xc*x)/(Sqrt[2]*Sqrt[
c1)1)/(32%c™(56/2)) + (e*x(2*cxd - bxe)*Sinh[2*a + 2*%b*x + 2xc*x~2])/(16%c™2)

+ (ex(d + e*x)*Sinh[2%a + 2%bxx + 2*c*xx~2])/(8*c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]"(n )*((d_.) + (e_.)*x(x_))"(m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x72]°n, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387

Int[Cosh[(a_.) + (b_.)x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2*c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x], x]
- Dist[(b*e - 2%cxd)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*xx~2], x]
, x1) /; FreeQl{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*¥x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234
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Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*xSqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]])/(2xd*Rt[bxLoglF], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Cosh[a + bxx + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375
Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(

a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

1 1
d + ex)? cosh? (a + bx + cx2) dx = | [=(d + ex)? + =(d + ex)? cosh (2a + 2bx + 2cx2) | dx
2 2

3
_u -;ex) + ! f (d + ex)? cosh (Za + 2bx + 20x2) dx
e 2
_(@d+exy N e(d + ex) sinh (2a +2bx + 2sz) ¢? [ sinh (Za +2bx + Zsz) d:
6e 8¢ 8¢
(@ +exp N e(2cd - be) sinh (Za +2bx + 2sz) N e(d + ex) sinh (211 +2bx +2
6e 16¢2 8¢

@+ ex)? .\ e(2cd — be) sinh (2{1 + 2bx + 2cx2) .\ e(d + ex) sinh (211 + 2bx + 2

6e 16¢2 8¢

eze—2a+§ \/Eerf(b+2cx) 8262a—l;—i \/Eerﬁ (b+2cx)
@+ ex)? . 2 NN 2 NN . e(2cd — be) s
B 6e 32¢3/2 a 3032

b2 P2

2 —2a+—c n b+2cx _ 2 —2a+—c m b+2cx 5
_(d+ex)3+ee Zﬁerf(ﬁﬁ)_'_(ch be)“e Zﬁerf(ﬁﬁ)_f
- 6e 32372 32572

Mathematica [A]

b+2cx

V24

3V2n (bze2 + ce(e — 4bd) + 4c2d2) Erf(

o

bZ
T~ %

time = 1.33651, size = 240, normalized size = 0.77

) —sinh (Za - Z—i)) +3v2n (bzez — ce(4bd + e) + 4c2d2:

Antiderivative was successfully verified.



116

[In] Integrate[(d + e*x) 2xCoshl[a + b*x + c*x72]72,x]

[Out] (3%(4*c™2*%d"2 + b~ 2*%e”2 + cxex(-4*bxd + e))*Sqrt[2+«Pi]*Erf[(b + 2%c*x)/(Sqr

t[2]*Sqrt[c])]*(Cosh[2*a - b~2/(2%c)] - Sinh[2*a - b~2/(2xc)]) + 3*(4*c”2xd
"2 + b72%e”2 - ckxex(4xbxd + e))*Sqrt [2*Pi]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc
1)1*(Cosh[2*a - b"2/(2*c)] + Sinh[2*a - b~2/(2*c)]) + 4x*Sqrtlc]*(8*c 2*x*(3
*d72 + 3kdkexx + e72%x72) + 3xex(4kckd - bke + 2kckexx)*Sinh[2%(a + xx(b +

cxx))1))/(192%c™(5/2))

Maple [B] time = 0.08, size = 558, normalized size = 1.8

e

— - +

AN

6

e 2

16 e 16¢ 32¢2

R

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "2*cosh(c*x"2+b*x+a)~2,x)

d 2 d2 dZ 2 dac—b2 V2 1 1 2. —20x2-2bx—2a Zb —2cx2-2bx-2a
ezx+7x+ VrV2 Bt | Vo + \/__ e2xe e%be

64

[Out] 1/6%e”2xx73+1/2%d*exx~2+1/2*d"2+x+1/16%d"2*%Pi~ (1/2) *exp (-1/2* (4*a*c-b~2)/c)

*27(1/2)/c™(1/2) xerf (27 (1/2) *c™ (1/2) *x+1/2%bx27(1/2) /c~(1/2) ) -1/16%e~2/c*x*
exp (—2%c*x~2-2%b*xx-2%a) +1/32%e”2%b/c”2*exp (-2*c*x~2-2%b*x-2%a) +1/64*e"2%b"2
/c”(5/2)*%Pi~ (1/2)*xexp(-1/2x(4*a*xc-b~2) /c)*27 (1/2) xerf (27 (1/2) *c~ (1/2) *x+1/2
*bx27(1/2)/c™(1/2))+1/64%e~2/c”(3/2)*P1i~(1/2) *exp(-1/2*% (4*axc-b~2) /c)*2~(1/
2)*xerf (27 (1/2) *c™ (1/2) *x+1/2%b*27(1/2) /c~ (1/2) ) -1/8*d*e/c*xexp (-2*cxx~2-2*bx*
x-2%a)-1/16*xd*exb/c” (3/2) %P1~ (1/2) *exp(-1/2*x (4*a*xc-b~2) /c)*2~(1/2) *erf (27 (1
/2)*c”™(1/2) *x+1/2xb*x27(1/2) /c~(1/2))-1/8*%d"2xPi~ (1/2) *exp(1/2* (4*axc-b~2) /c
)/ (=2%c) " (1/2) *xerf (- (-2%c) ~(1/2) *x+b/ (-2%c) ~(1/2) ) +1/16%e~2/c*xx*exp (2%c*x™2
+2*%bxx+2%a) -1/32%e”2xb/c"2%exp (2*%c*xx~2+2xb*x+2%a) -1/32%e~2*b~2/c"2xP1~ (1/2)
xexp (1/2% (dxaxc-b"2) /c)/(-2xc) " (1/2) xerf (- (-2%c) ~(1/2) *x+b/ (-2xc) ~(1/2))+1/
32%e72/cxPi~ (1/2) *exp (1/2*x (dxaxc-b~2) /c) /(-2xc) ~(1/2) *erf (- (-2*c) ™ (1/2) *x+b
/(=2%c)~(1/2))+1/8*d*e/c*xexp (2*c*xx~2+2*%b*x+2%a)+1/8*d*e*xb/c*Pi~(1/2)*exp(1/
2% (4*xa*xc-b~2)/c)/(-2xc)~(1/2) xerf (- (-2%c) ~(1/2) *x+b/ (-2*c) ~(1/2))

Maxima [B] time = 2.10776, size = 814, normalized size = 2.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*cosh(c*x~2+b*x+a) 2,x, algorithm="maxima"

[Out] 1/16x%(sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”(

2xa - 1/2%b72/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2xsq
rt(2)*b/sqrt(c))*e”(-2*%a + 1/2xb~2/c)/sqrt(c) + 8*x)*d"2 + 1/16%(8%x"2 - sq
rt(2)*(sqrt (pi)*(2xc*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x + b)~2/c)) - 1)/(
sqrt (- (2*cxx + b)~2/c)*c”(3/2)) - sqrt(2)*e~(1/2*(2*cxx + b)~2/c)/sqrt(c))*
e~ (2xa - 1/2%b"2/c)/sqrt(c) - sqrt(2)*(sqrt(pi)*(2*c*xx + b)*b*(erf(sqrt(1/2
Y*sqrt ((2xc*xx + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*
cxe” (-1/2%(2%c*x + b)~2/c)/(-c)~(3/2))*e”(-2%a + 1/2%¥b~2/c)/sqrt(-c))*d*e +

1/192%(32*%x~3 + 3*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b~2*x(erf (sqrt(1/2)*sqrt (-(
2xcxx + b)72/c)) - 1)/(sqrt(-(2*cxx + b)~2/c)*c~(5/2)) - 2*sqrt(2)*bxe”(1/2
*x(2xc*x + b)72/c)/c”(3/2) - 2% (2%c*x + b) " 3xgamma(3/2, -1/2x(2xc*x + b)~2/c
)/ ((=(2%cxx + b)72/c)"(3/2)*c~(5/2)))*e~(2%a - 1/2%b”2/c)/sqrt(c) - 3*sqrt(
2) * (sqrt (pi) * (2*c*xx + b)*b~2* (erf (sqrt(1/2)*sqrt((2*c*xx + b)~2/c)) - 1)/(sq
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rt ((2%c*x + b)72/c)*(-c)~(5/2)) + 2xsqrt(2)*bxcxe”(-1/2*(2*c*x + b)~2/c) /(-
c)~(5/2) - 2*%(2xcxx + b) " 3*gamma(3/2, 1/2x(2*c*x + b)~2/c)/(((2*c*x + b)~2/
c)~(3/2)*%(-c)~(5/2)))*e”~(-2%a + 1/2%b~2/c)/sqrt(-c))*e”2

Fricas [B] time = 2.10577, size = 2700, normalized size = 8.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*cosh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/192%(12xc™2*e"2%x — 6% (2*%c™2%e"2*x + 4*c”2xd*e - b*c*xe”2)*cosh(c*x”2 + b
*X + a)”4 - 24x(2*%cT2%e"2xx + 4*c”2xdxe - b*c*e”2)*cosh(c*x"2 + b*x + a)*xsi
nh(c*x™2 + bxx + a)”3 - 6*x(2*xc™2*e”™2*x + 4xc”2*d*e - b*c*e”2)*sinh(c*xx~2 +
b*xx + a)~4 + 24xc”2*xdxe - 6xbkcxe”2 + 3*xsqrt(2)*sqrt(pi)*((4*xc™2xd"2 - 4*bx
cxdxe + (b™2 - c)*e”2)*cosh(c*x™2 + b*x + a) 2*cosh(-1/2*x(b"2 - 4xaxc)/c) +

(4xc™2%d"2 - 4xb*c*d*e + (b72 - c)*xe”2)*cosh(c*xx"2 + b*x + a) 2*sinh(-1/2x%
(b™2 - 4xaxc)/c) + ((4xc™2xd"2 - 4xb*cxd*e + (b2 - c)*e”2)*cosh(-1/2%(b"2
- 4xaxc)/c) + (4xc”2+%d"2 - 4dxb*cxd*e + (b72 - c)*e”2)*sinh(-1/2*(b"2 - 4xax
c)/c))*sinh(c*x™2 + b*x + a)”2 + 2x((4*c™2+%d"2 - 4xb*cxd*e + (b™2 - c)*e”2)
*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*a*xc)/c) + (4*xc™2*xd"2 - 4xbxckd*e
+ (b72 - c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b~2 - 4xaxc)/c))*sinh(c*x
2 + bxx + a))*sqrt(-c)*erf (1/2xsqrt(2)*(2xc*x + b)*sqrt(-c)/c) - 3*sqrt(2)
xsqrt (pi) * ((4xc™2xd"2 - 4*bxcxd*e + (b2 + c)*e”2)*cosh(c*x™2 + b*x + a) 2%
cosh(-1/2%(b"2 - 4*axc)/c) - (4*xc™2xd"2 - 4xb*c*d*e + (b™2 + c)*e”2)*cosh(c
*Xx72 + b*x + a) " 2*xsinh(-1/2*(b"2 - 4xaxc)/c) + ((4*xc”™2*d"2 - 4xbxc*d*e + (b
"2 + c)*e”2)*cosh(-1/2*x(b"2 - 4xaxc)/c) - (4*c™2xd"2 - 4dxbxcxd*e + (b™2 + ¢
Y*e72)*sinh (-1/2*%(b”2 - 4*axc)/c))*sinh(c*x™2 + b*x + a)~2 + 2x((4*c™2%d"2
- 4xbxc*xd*e + (b™2 + c)*e"2)*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*ax*c)/
c) - (4%c™2%d"2 - 4xb*xckxd*e + (b™2 + c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/
2% (b"2 - 4xaxc)/c))*sinh(c*xx™2 + b*x + a))*sqrt(c)*erf (1/2*sqrt(2)*(2xc*x +
b)/sqrt(c)) - 32%(c™3%e”2%xx"3 + 3*c™3*d*kexx”2 + 3*%c”3*d"2%*x)*cosh(c*xx™2 +
b*x + a)”2 - 4% (8xc73*%e”2*x"3 + 24*c”3*d*exx”2 + 24%c73xd72*x + 9% (2%cT2xe”
2xx + 4*c”2xdxe - b*c*e”2)*cosh(c*x™2 + b*x + a)~2)*sinh(c*x”2 + b*x + a)~2
- 8% (3% (2*%c™2*e"2xx + 4xc”2*d*e - b*c*e”2)*cosh(c*x™2 + bxx + a)~3 + 8*(c”
3*%e”2*%x"3 + 3*c"3kd*xexx”2 + 3*%c”3*%d72*x)*cosh(c*x"2 + b*x + a))*sinh(c*x"2
+ bxx + a))/(c”3*cosh(c*x™2 + b*x + a)~2 + 2*c”3*cosh(c*x™2 + b*x + a)*sinh
(c*x™2 + b*x + a) + c”3*sinh(c*x™2 + b*x + a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.
f (d + ex)? cosh® (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2xcosh(cxx**2+b*x+a)**2,x)

[Out] Integral((d + exx)**2xcosh(a + b*x + cxx**x2)**2, x)
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Giac [A] time = 1.30703, size = 608, normalized size = 1.95

b2—4ac P—tac
\/E\/Edz erf(—% \/E\/E(2x+ lEJ)) E( 2c ) \/Eﬁdz erf(_% \/E\/—C(2x+ é)) e( 2c ) 1 - 1 ) 1 )
~ _ + —x’e“ + —dxe+ - d°x +
16 \/E 16 Vv—C 6 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*cosh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*d~2*erf (-1/2*sqrt(2)*sqrt(c)*(2xx + b/c))*e”(1/2x (b
2 - 4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*d~2*erf (-1/2*sqrt(2)*sqrt(-c)
x(2*%x + b/c))*e”(-1/2x(b"2 - 4xaxc)/c)/sqrt(-c) + 1/6*x"3*e”2 + 1/2xd*x"2*e
+ 1/2*%d72*x + 1/16%(sqrt(2)*sqrt(pi)*b*xd*erf (-1/2*sqrt(2)*sqrt(c)*(2*%x + b
/c))*e”(1/2%x (b2 - 4xaxc + 2%c)/c)/sqrt(c) - 2xd*e” (-2%c*xx"2 - 2*b*x - 2%a
+ 1))/c + 1/16*(sqrt(2)*sqrt (pi)*b*d*erf (-1/2*sqrt (2) *sqrt(-c)*(2*xx + b/c))
xe” (-1/2*%(b"2 - 4*axc - 2xc)/c)/sqrt(-c) + 2*dxe” (2xc*x"2 + 2xb*x + 2%a + 1
))/c = 1/64%(sqrt(2)*sqrt(pi)*(b"2 + c)*erf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c
))*xe” (1/2x(b~2 - 4xaxc + 4xc)/c)/sqrt(c) + 2*(c*(2*x + b/c) - 2%b)*e” (-2%c*
X"2 - 2%b*x - 2%a + 2))/c”2 - 1/64x(sqrt(2)*sqrt(pi)*(b"2 - c)*erf(-1/2*sqr
t(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2x(b~2 - 4*axc - 4*xc)/c)/sqrt(-c) - 2x(cx(
2%x + b/c) - 2%b)xe”(2%c*x"2 + 2xbxx + 2%a + 2))/c”2
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3.32 f (d + ex) cosh” (a + bx + cxz) dx

Optimal. Leaf size=160

b2 b2
n —-2a b+2cx T 20—— b+2cx
\/EBZC (ch - be)Erf( \/E\/E) \/;6 2c (2Cd - be)Erﬁ (\/_2_\/5) esinh (2a +2bx + 2C.X2) (d + ex)2
+ + +
16c3/2 16c3/2 8¢ 4e

[Out] (d + exx)~2/(4xe) + ((2%c*xd - bxe)*E~(-2%a + b~2/(2xc))*Sqrt [Pi/2]*Erf[(b +
2xc*x) / (Sqrt [2]*Sqrt [c])])/(16%xc™(3/2)) + ((2*cxd - bxe)*E~(2*a - b~2/(2*c
))*Sqrt [Pi/2]*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrtlcl)])/(16*xc~(3/2)) + (exSinh[2

ka + 2kb¥x + 2xc*xx~2])/(8%c)

Rubi [A] time = 0.145921, antiderivative size = 160, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 19, e o e

0.316, Rules used = {5395, 5383, 5375, 2234, 2204, 2205}

¥ 2
T —-2a b+2cx T 20— — b+2cx
37 (2cd - beyExd (% vz) N (ch—be)Erﬁ(v_z—ﬁ) esinh (204 2bx+205%) (44 exy?
+ + +
16¢3/2 16¢3/2 8c 4e

integrand size

Antiderivative was successfully verified.

[In] Int[(d + exx)*Cosh[a + b*x + c*xx~2]"2,x]

[Out] (d + exx)"2/(4xe) + ((2*c*d - b*e)*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]1*Erf [(b +
2xc*x) / (Sqrt [2]*Sqrt [c])])/(16%xc™(3/2)) + ((2%cxd - bxe)*E~(2*a - b72/(2*c
))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlcl)])/(16*xc~(3/2)) + (exSinh[2

*xa + 2%b*x + 2k%c*x72])/(8%*c)

Rule 5395

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2] (0 )*((d_.) + (e_.)*x(x_)) " (m_.)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cosh[a + b*x + c*x"2]°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]*((d_.) + (e_.)*x(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xc*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2xc*xx)"2/(4*xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Log[F], 2]1)/(2*d*Rt[bxLogl[F], 2]1), x] /; FreeQ[{
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F, a, b, ¢, d}, x] && PosQ[b]
Rule 2205
Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr

t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 21]1)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl]

Rubi steps

1 1
f(d + ex) cosh? (a +bx + cxz) dx = f (E(d +ex) + E(d + ex) cosh (Za +2bx + 2cx2)) dx

d+ex?> 1
_dten + = f (d + ex) cosh (2a +2bx + 2sz) dx
4e 2
(d+ex)? N esinh (211 + 2bx + 2sz) N (2cd - be) [ cosh (Za + 2bx + 2cx2) dx
B 4e 8c 4c
(d+enp? N esinh (Za +2bx + 2sz) N (2cd - be) [ g20-2bx-2ex% 1y . (2cd — be) |
C 4e 8¢ 8¢
2a— ? (2b+4cx)?
(d +ex)? esinh (Za + 2bx + 2cx2) ((ZCd — beje ZC) f € dx ((ZCd a
= + + +
4e 8c 8c
2 2
a+ b+2cx 20—-— [n b+2cx
et (2cd — be)e = \fe f(\w_) (2cd - be)e Zc\/gerﬁ(\/z\ﬁ) K
4e 16¢3/2 1632

Mathematica [A] time = 0.639251, size = 177, normalized size = 1.11

V27 (2cd — be)Ex f(i;r_ic/f) ( osh (Zu - Z—i) - sinh( a-— —)) V27(2cd - be)Exfi (T’Z\C/f) ( inh (2a - Z—Z) + cosh (211 - f

32¢3/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*Cosh[a + b*x + c*x72]72,x]

[Out] ((2%c*xd - bxe)*Sqrt[2xPi]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b~
2/(2xc)] - Sinh[2*a - b~2/(2*c)]) + (2%cxd - bxe)*Sqrt[2xPi]*Erfi[(b + 2xc*
x)/(Sqrt [2]1*Sqrt [c])1*(Cosh[2*a - b~2/(2xc)] + Sinh[2%a - b72/(2*c)]) + 4%S

qrt [c]*(2*xc*x*(2*d + e*xx) + e*xSinh[2+(a + x*x(b + c*x))]))/(32%c~(3/2))

Maple [A] time = 0.057, size = 241, normalized size = 1.5

+
4 2

e dx d\/—\/— dac- bZEI‘f(\/_\/—x b\/i 1 pe-20x?-2bx-2a be\/_\/_

ac bV21) -
> 2 %J%‘ T6c 0 Erf(\/—\fcx )

2 Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*cosh(c*x"2+b*x+a) ~2,x)

[Out] 1/4*exx~2+1/2*d*x+1/16*%d*P1i~(1/2)*exp(-1/2% (4*axc-b"2)/c)*27(1/2)/c~(1/2)*e
rf (27 (1/2)*xc™(1/2) *x+1/2%b*27(1/2) /c~(1/2) ) -1/16%e/cxexp (-2*c*x~2-2%bxx-2%*a
)-1/32%exb/c”(3/2) %P1~ (1/2) *exp(-1/2x (dxaxc-b~2) /c)*2~(1/2) *erf (27 (1/2)*c~(
1/2) *x+1/2%b*27 (1/2) /c™(1/2))-1/8xd*Pi~ (1/2) *exp (1/2* (4xa*xc-b"2) /c) /(-2*c)~
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(1/2)xerf (-(=2x%c) " (1/2) *x+b/ (-2xc) ~(1/2) ) +1/16%e/c*exp (2*xc*x~2+2*bxx+2%a) +1
/16%exb/c*Pi~ (1/2) *exp (1/2*(4*a*xc-b~2)/c)/(-2%c)~(1/2) *erf (-(-2*xc) " (1/2) *x+
b/ (-2%c)~(1/2))

Maxima [B] time = 1.93148, size = 406, normalized size = 2.54

V(2 cx+b)t

\/E

1 \/E\/Eerf(\/zx/—_x—%)e(za_é) \/—\/_erf(\/—\/zx+—) (_ZHS_ZC)

1
+ +8x|d+—|8x%-

16 N Ve 32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cosh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16%(sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”(
2%a - 1/2%b72/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2xsq
rt(2)*b/sqrt(c))*e”(-2*%a + 1/2xb~2/c)/sqrt(c) + 8*x)*d + 1/32*%(8*x"2 - sqrt
(2)*(sqrt (pi) * (2xc*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2xc*x + b)~2/c)) - 1)/(sq

rt (- (2%c*xx + b)72/c)*c”(3/2)) - sqrt(2)*e”(1/2*(2*c*x + b)~2/c)/sqrt(c))*e”

(2%a - 1/2%b~2/c)/sqrt(c) - sqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf (sqrt(1/2)*

sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2xc*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*c*
e”(-1/2x(2xc*x + b)~2/c)/(-c)~(3/2))*e”(-2*xa + 1/2%¥b"2/c)/sqrt(-c))*e

Fricas [B] time = 1.92095, size = 1922, normalized size = 12.01

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*cosh(c*x~2+b*x+a)”~2,x, algorithm="fricas")

[Out] 1/32*%(2*c*excosh(c*x™2 + b*x + a)”4 + 8*ckxexcosh(c*x™2 + b*x + a)*sinh(c*x™
2 + bxx + a)”3 + 2*ckxexsinh(c*x"2 + bxx + a)”4 - sqrt(2)*sqrt(pi)*((2xcxd -
bxe)*cosh(c*x™2 + b*x + a) 2xcosh(-1/2%(b"2 - 4x*ax*c)/c) + (2xcxd - bxe)*co
sh(c*x™2 + bxx + a) " 2*sinh(-1/2*(b~2 - 4*ax*xc)/c) + ((2*c*d - bxe)*cosh(-1/2
*(b~2 - 4*axc)/c) + (2*xcxd - b*e)*sinh(-1/2*%(b"2 - 4*xaxc)/c))*sinh(c*x™2 +
b*x + a)”2 + 2% ((2*c*d - b*e)*cosh(c*x"2 + bxx + a)*cosh(-1/2*(b”"2 - 4x*xaxc)
/c) + (2%c*kd - b*e)*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b"2 - 4xaxc)/c))*sinh(
c*x72 + bxx + a))*sqrt(-c)*xerf(1/2*sqrt(2)*(2%c*x + b)*sqrt(-c)/c) + sqrt(2
)*sqrt (pi)*((2xc*d - b*e)*cosh(c*x™2 + bxx + a) 2xcosh(-1/2%(b”2 - 4x*axc)/c
) — (2%c*d - b*e)*cosh(c*x™2 + b*x + a) 2*sinh(-1/2%(b"2 - 4x*xaxc)/c) + ((2%
cxd - b*e)*cosh(-1/2*(b"2 - 4*xaxc)/c) - (2*%c*d - b*e)*sinh(-1/2*(b"2 - 4xax
c)/c))*sinh(c*x™2 + b*x + a)”2 + 2x((2*xc*d - b*e)*cosh(c*x™2 + b*x + a)*cos
h(-1/2*x(b~2 - 4%ax*c)/c) - (2*%c*d - b*xe)*cosh(c*x™2 + b*x + a)*sinh(-1/2x(b~
2 - 4xaxc)/c))*sinh(c*xx”2 + b*x + a))*sqrt(c)*erf(1/2*xsqrt(2)*(2*c*x + b)/s
qrt(c)) + 8x(c™2%e*xx™2 + 2%c”2xd*x)*cosh(c*x™2 + bxx + a)”2 + 4x(2xc ™ 2%xexx”
2 + 4*c”2*d*x + 3*kckxexcosh(c*x™2 + b*x + a) " 2)*sinh(c*x™2 + b*x + a)”2 - 2%
cxe + 8*(ckexcosh(ckx™2 + b*x + a)”3 + 2% (c™2%e*x™2 + 2*c”2*xd*x)*cosh(c*x™2
+ b*x + a))*sinh(c*x"2 + b*x + a))/(c"2xcosh(c*xx™2 + b*x + a)~2 + 2*c”~2*co
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sh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a) + c"2*xsinh(c*x”2 + b*xx + a)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex) cosh? (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cosh(c*x**2+b*x+a)**2,x)

[Out] Integral((d + exx)*cosh(a + b*x + Ckx*x*2)**2, x)

Giac [A] time = 1.33314, size = 335, normalized size = 2.09

2 2
bc—4ac b —4ac) \/zﬁberf(—%*

V2+/rd erf(—% \/E\/E(Zx + é)) e(T) V2y/nd erf(—% ‘/E‘/__C(ZJC + g)) e( * 1, 1
~ " _ = +er+§dx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*cosh(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*dxerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2x(b"2
- 4xaxc)/c)/sqrt(c) - 1/16%xsqrt(2)*sqrt(pi)*d*erf (-1/2*sqrt(2)*sqrt(-c)*(2x*
X + b/c))*e”(-1/2%(b"2 - 4*axc)/c)/sqrt(-c) + 1/4*x"2%e + 1/2xd*x + 1/32*(s

qrt (2) *sqrt (pi)*bxerf (-1/2*sqrt (2)*sqrt(c) *(2*x + b/c))*e”(1/2*%(b"2 - 4*axc

+ 2%c)/c)/sqrt(c) - 2xe”(-2%c*x"2 - 2xb*x - 2%a + 1))/c + 1/32*(sqrt(2)*sq

rt (pi)*b*xerf (-1/2xsqrt (2) *sqrt (-c)*(2xx + b/c))*e”(-1/2*%(b"2 - 4*axc - 2%c)
/c)/sqrt(-c) + 2%e”(2%c*x"2 + 2%bxx + 2%a + 1))/c
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dx

333 f coshz(a+bx+cx2)

Optimal. Leaf size=43

d+ex

2e

cosh (211 + 2bx + 2sz) log(d + ex)
d+ex N

1
EUnintegrable [

[Out] Logld + exx]/(2*%e) + Unintegrable[Cosh[2*a + 2xb*x + 2*xcxx~2]/(d + exx), x]
/2

Rubi [A] time = 0.0472074, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0,

0., Rules used = {}

integrand size

dx

cosh? (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.
[In] Int[Coshl[a + b*x + c*x~2]72/(d + ex*x),x]

[Out] Logld + exx]/(2xe) + Defer[Int] [Cosh[2*a + 2xb*x + 2%cxx~2]/(d + e*x), x]/2

Rubi steps

cosh? (a +bx + cxz) 1 cosh (211 + 2bx + 2cx2) ;
f d+ex x—f 2(d+ex)+ 2(d + ex) *

dx

log(d +ex) 1 [ cosh (Za + 2bx + 2cx2)
B 2e "2 f d+ex

Mathematica [A] time = 8.14217, size = 0, normalized size = 0.

dx

cosh? (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Integrate[Cosh[a + b*x + c*x"2]72/(d + e*x),x]

[Out] Integrate[Cosh[a + b*x + c*x72]72/(d + ex*x), x]

Maple [A] time = 0.116, size = 0, normalized size = 0.

dx

f (cosh (cx2 +bx + a))2

ex +d

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cosh(c*x~2+b*x+a) "2/ (exx+d) ,x)

[Out] int(cosh(c*x~2+b*xx+a) "2/ (e*xx+d),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

IOg (ex + d) f 2cx +2bx+2a ZCx be) i
~ 2. 1 ex+d "1 exe(2 ) 4+ de2a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a) 2/ (e*x+d),x, algorithm="maxima"

[Out] 1/2*log(e*xx + d)/e + 1/4xintegrate(e”(2*c*x™2 + 2*b*xx + 2xa)/(e*xx + d),

+ 1/4xintegrate(e” (-2*c*x™2 - 2%bx*x)/(e*x*e”(2*a) + dxe”(2xa)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (cx2 +bx + a)2

integral X
& ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+b*xx+a) 2/ (e*xx+d),x, algorithm="fricas")

[Out] integral(cosh(c*x™2 + b*x + a)~2/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(ckxx**2+b*xx+a)**2/ (e*xx+d) ,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

dx

cosh (cx2 +bx + a)2
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(c*x~2+bxx+a) 2/ (exx+d) ,x, algorithm="giac")

[Out] integrate(cosh(c*x™2 + b*x + a)~2/(e*x + d), x)

X)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]

126




127

101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True




44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90

100
101
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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